Introduction To MATRICE

A matrix is a store for information.

For example, the number of boys and girls in Years 12 and 13 of
a college could be recorded as a matrix:

boys gitls
Year 12 65 67 ) 65 67
or simply A =
Year 13 68 61 68 61

So matrices are essentially stores for numbers.

They are rectangular in appearance and are made up ofa
number of entries or elements.

) ]| A matrix is a rectangular array of numbers. Each entry in
,L the matrix is called an element.

_ The order of a matrix

Matrices can comne in different sizes. Consider the following: -

73 0
A=[_§ 2] B=|-2 1 9 c=[_‘3” . }]
7 2 1

Matrices are classified by the number of rows and the number
of columns that they have.

‘In the above:

matrix A has 2 rows and 2 columns, it is a 2 X 2 matrix;
matrix B has 3 rows and 3 columns, it is a 3 X 3 matrix;
matrix C has 2 rows and 3 columns, it is a 2 X 3 matrix.

{jw A matrix with 7 rows and # columns is an » X » matrix.
This is called the order of the matrix.

Adding and subtracting matrices

jm We can add or subtract matrices provided they have the
2 L same order.

LR | ‘ Adding/subtracting matrices is a very simple process since
E,DE' all we do is add/subtract corresponding elements from
“|  each matrix.
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Worked example e

The matrices A, B, C and D are given by

3 6 7 -2
A= =

1
Find the following where possible:

(a) A+Br (b) A._B,
(d) D-C, (e) A+C,
Solution

7 -2
1 4
+ 7 6+ —2 10 4
+-1 3+ 4 0 7]
6 7 =2
3 -1 4

7 6——2 -4
—-——1 3-— | 2

Multiples of matr

(a) A+B= E ﬂ+[

;
:
-

(b) A—B

I

ll

13
Suppose M = [0 4

-

—2], then M+M+M=[(9)

Z] and Dﬁ[_g]_
(c) C+D,
o e o[

5 —

(d) D—C= 9]
2——4

EREgE
5L

This is impossible to calculate since the matrices have different

(e) A+C=

g1 orders.
!
ices

—6
12|

This is equivalent to 3M and each element of matrix M has been

multiplied by 3.

It is therefore a simple matter to multiply a matrix by a

constant.
4 1
-2 5

o[

For example, 5[

20
10 25

5 0
—45]

gl
it

£7

To multiply a matrix by a constant, simply multiply each
element of the matrix by the constant.

Worked example
. _[3
Given that A = [4 _s

(a) 34, (b) 7B,

Solution
9

6] - 18
—5| 712 -15
-2 0]_[~14 O
(b) 73_7[ 5 4]"[ 35 28]
6 —_—
2 _4+{
_[12 241,
16 —20
-2 0]_.[3
> 4] 4

~10 0]_'
25 20

(a) 3A = 3[1

w

(c) 4A+3B=4[

(d) SB—2A= 5[

4

6] and B =

(c) 4A+3B,

2 0] g a
5 4;l,fmd.

-

(d) 5B—2A.




-

Multiplying two matrices

You can multiply a row matrix by a column matrix provided
they have the same number of elements. You multiply
corresponding elements and add the products together.

Hence,
3

[2 5 7]11 =[2X3 + 5X1 + 7X4]=1[6+5+ 28]
4

= [39]

When you multiply two matrices together you are essentially
multiplying the rows of the first matrix with the columns of the

second.

In order to be able to do this, the number of columns in the first
matrix must be the same as the number of rows in the second.

jg We can multiply two matrices A and B only if the number

" of columns of A equals the number of rows of B.

If A is a matrix of order a X b and B is a matrix of order
. ¢ X d, then the matrix AB exists if and only if b =c.

" The product AB will have order a X d.

The method for muluplymg two compatible matrices is
illustrated in the following examples.

Worked example 4.3
5
Find the product AB when A = [13 g] and B= [8]
Solution
Firstly, A ‘ B
order 2X2 5 L 2X1=
T T ‘
the same

The number of columns of A equals the number of rows of B,
therefore the product matrix exists.

The product matrix will have order 2 X 1.

The method for multiplying the two matrices is illustrated step-
by-step below:

4 91[571_1T?
AB = 10 3] [8] '[?]
Find the element of the first row:

_[(4X5)+ (9 XS)] =[92]
? ?

Find the first e.l_e’ment of the second row:

T 92 _ 92
- | (10X5) + (3 xs)] B [74]

So the product AB = [92].

74 "‘ (r.
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Work

The matrices A, B, C and D are given by

AR M

Find the following where possible:

A=

ed example : R

(a) A+B, (b) A-B, (c) C+D,

(d) D-C, (e) A+C.

Solution (©) C+D=[ 9]+[ [ 9F5 J_[14
—4 -2 -4+ —2] N [—6]

3 6 7 =2
(a) A+B= [1 3]+[ 1 4]

(b) A-

L
element of the matrix by the constant.

Il
| nam—
ook
| IS— |

+—-1 3+ 4 o 7 3 6 9
e) A+C=
]_[ 7 —2] () [1 3J+[—4J
3 1 4 s .
This is impossible to calculate since the matrices have different

3— 7 6—-2]_[—-4 8 orders.
1——=13— 4| | 2 —1]

Multiples of matrices
3 =2 9 —6
Suppose M = [Q 4], then M+M+ M= [0 12].

This is equivalent to 3M and each element of matrix M has been
multiplied by 3.
It is therefore a simple matter to multiply a matrix by a
constant.

4 1 0|_ 20 5 0
Forexample,S[_2 5 _9] [_10 25 _45].

B

[f+ 7 6+ 2] [10 4] @ D_C=[“;]_[—z]=[‘§:—z]

To multiply a matrix by a constant, simply multiply each

Worked example
. 3 6] (=2 0] 3
Given that A = [ 4 — 5] and B= [ 5 4], find:

(a) 34, (b) 7B, (c) 4A+ 3B, (d) 5B —2A.

Solution
(@) 3A=3[431 —} [12 —15]

-2 o]_[-
(b) 7B‘7[ 5 4]—[ 35 28
' 0
!

o
=[5 _§§]+F i Pl

w

(c) 4A+BB=4[ ?
6
5

4 -5
513 6
4 =5

¢ 121 [—16 —12]

(d) SB—ZA—S[ s 4]

r—1o o]
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Worked example ,
Find the product CD when C = 23 and D= 49 .
5 8 6 7
Solution
C D
order 2X2 2X2 =
T T
the same

The number of columns of C equals the number of rows of D,
therefore the product matrix exists.
The product matrix will have order 2 X 2.

The method for multiplying the two matrices is illustrated step-
by-step below:

_[2 3774 91 _[? 2
CD—[S 8}[6 -7]"[? ?]
‘Find the first element of the first row:

[(z X 4) J; (3 X 6). ?] _ [26 ?J

? ? 7

Find the second element of the first row:
_[26 (2X9)+ (3% 7)] _[26 397
|2 ” T2 9
4 { | H H J
Find the first element of the second row:

_ 26 397 _[26 397
_[(5><4)+(8><6) ?]”_68 ? |

Find the second element of the second Tow:
_[26 39 _[26 39
68 (5X9)+ (8x7)| |68 101]

26 39
the product CD =
So product CD [68 101].

Worked example -

. 4 2 d B=| ¢ 9 fina:
leentha’cA=[_3 1] an -2 3 :
(a) AB, (b) BA.
Solution

4 2 6 O]_[ 20 6
(a) AB:[_3 1][_2 3]“[—20 3]

[ 6 o 4 2]_[ 24 12 —
(b) BA‘[—z- 3-3 1|7 |-17 -1
It should be clear from the examples above that the order in

which we multiply two matrices is very important since it makes
a difference to the answer.

[ In general, AB # BA (usually).
"'I .

2 .—L " Matrix multiplication is not, in general, commutative.




Special matrices

The next few sections deal with matrices that have a certain
significance or importance.

Square matrices

A square matrix is one which has the same number of rows as

colummns.
A square matrix has order m X m.

, /_ _. A matrix which has the same number of rows and columns
* is called a square matrix.

0O 2 7 -3
| 3 512 ¢ O 9 5 1 -2
| For example, {1 -2 —6| and
_ 1 -2 9 2 5 -3 4 8 2
9:=3 2 7
are all square matrices of order 2 X 2,3 X3 and 4 X 4,

respectively.

The zero matrix

Consider the matrix A = _“N ﬁ

.. [0 O
Notice what happens when we add the matrix ﬁ 0 L.
, ) :

(a b 0 O0]_TJa b
c L+T &IT L
(0. 0 a b|l _Ja b
also 0 &+T L|T L
Similarly;. _EEE&ﬁbm by this matrix gives
‘2 b0 0] [0 0©
K d{lo o0 0 0
0 0]fa b]_J0 0
also 0 LT L|T L
0 0
0 0

sinceZ+A=A+Z=A
and ZA=AZ=17Z

qé”

¥~ The2 X2 matrix Z = _H g is called the zero matrix

for any 2 X 2 matrix A.

So Z leaves .any matrix A unchanged under matrix addition,
and itself remains unchanged under matrix multiplication. The
matrix Z corresponds to the number 0 in ‘ordinary’ arithmetic.



The identity matrix

. ab
Consider the 2 X 2 matrix A = ﬁ . L.

: . . 10
Notice what happens when we multiply this matrix by ﬁ 0 L.
a b|[1 0|_[a b
¢ 4|0 1 c d
1 Ola b|_Ja b
N P P

HM»_V The matrix I = ? wu_ is called the 2 X 2 identity matrix
It H

because when you multiply any 2 X 2 matrix A by I you
get A as the answer. .
This means that for any 2 X 2 matrix A,

IA = Al = A.

In other words, multiplication by I (either pre-multiplication or
post-multiplication) leaves the elements of A unchanged.

. We can actually have identity matrices of any size (as long
>F. as they are square matrices).
1 00 . .
E.g. thematrix [ 0 1 0 |is called the 3 X 3 identity matrix.
0 0 1 A

“Key point summary

I Amatrix is a rectangular array of numbers. Each
entry in the matrix is called an element.

2 A matrix with m rows and # columns is an 7 X
matrix. This is called the order of the matrix.

3 We can add or subtract matrices provided they have
the same order.

4 To add/subtract matrices you add/subtract
corresponding elements.

5 To multiply a matrix by a constant, simply multiply
each element of the matrix by the constant.

6 We can multiply two matrices A and B only if the

number of columns of A equals the number of rows
of B.

7 If Aisan (a2 X b) matrix and B is a (c X d) matrix then
the product matrix AB exists if and only if b =c.
The product AB will be of order a X 4.

8 In general, AB # BA.
Matrix multiplication is not, in general, commutative.

9 A matrix which has the same number of rows and
columns is called a square matrix.

10 The matrix I = ﬁ ﬂ is called the 2 X 2 identity

matrix because when you multiply any 2 X 2 matrix
A byIyou get A as the answer.
This means that for any 2 X 2 matrix A,

TA = Al = A.

Il The 2 X 2 matrix Z, = Tou & is called the zero matrix

sinceZ+A=A+Z=A
and ZA=AZ =7 for any 2 X 2 matrix A.



