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[bookmark: _Toc212357246]1. Introduction
The purpose of this task was to create an R program that would create and plot the first 200 terms of the Pell and Fibonacci sequences and how they relate to the square root of two. The task involved the application of loops only, and no functions along with apply-family functions were allowed to improve algorithmic task solving and sequence generation. It was repeated with each calculation of new terms, rational approximations for √2, and the evaluation of their accuracy. The resulting product was a six-column dataframe with term indices, Fibonacci numbers, Pell numbers, approximations, rounded differences from √2, and the number of matching places, which proved that the calculations were done correctly, and the data was organized into a table.
[bookmark: _Toc212357247]2. Implementation Details & Explanations
[bookmark: _Toc212357248]2.1 Computing Fibonacci and Pell Numbers
The sequences in the Fibonacci and Pell were produced with the help of a for loop where i = 3 to 201 since the first two terms were already determined. The starting value of the seeds was chosen as F 0 0 and F 1 1 in the Fibonacci sequence and P₀ = 0, P₁ = 1 in the Pell sequence. The recurrence equations fib[i] = fib[i−1] + fib[i−2] and pell[i] = 2 × pell[i−1] + pell[i−2] were used to compute each successive term. Loops were used rather than the functions or the vectorised methods in order to fit within the assignment requirements and to make clear and stepwise the control of the iteration, sequence logic, and variable updating.
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[bookmark: _Toc212357249]2.2 Rational Approximation of √2
Approximations would be made to √2 using the formula approx_sqrt2 = pell[i] / fib[i], beginning with n = 1 to avoid dividing by 0. In the case of n =0 (fib[1] = 0), the approximation was given as NA to prevent the program trying to do invalid division. This rational approximation was saved as the 4th column of the pelldata dataframe, and it was titled approx_sqrt2. The values obtained gave successively closer approximations of √2 as n grew and there are terms which are within several decimal places of the actual value.
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[bookmark: _Toc212357250]2.3 Difference from sqrt(2), Rounded to 5 d.p.
In determining the correctness of each of the approximations, the absolute difference between the actual value of sqrt2 and the approximate was calculated using abs(approx_sqrt2 - sqrt(2)). The difference was then rounded off to five digits by using the round() function as required in the task requirements. The outcome was placed in a new column called diff_5dp. The difference was also NA in cases where the approximation was NA (as in the case of n = 0). This column was easily compared in terms of how close each of the rational approximations were to the actual square root of two, which is useful in assessing convergence behaviour.
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[bookmark: _Toc212357251]2.4 Matching Decimal Places (Accuracy)
To even more quantify the quality of approximation, a programmed loop algorithm representing the number of decimal places exactly equal to √2 was run, to enumerate the number of places where the approximation agreed with a sqrt(2). First, sqrt(2) and approx_sqrt2[i] were put as fixed length strings by format(digits = 16, nsmall = 16), and it was important to be consistent in the use of the decimal numbers. Each of the strings was then dismembered at the decimal point using the strsplit() and only the fractional part was compared. A nested loop was used to compare each digit individually beginning with the first decimal figure. When the digits were similar, a counter was added; when they were dissimilar, then the loop was stopped. This number was the number of places that it was correct at the decimal point. The value obtained was recorded on a column named acc_decimals. This method was able to give a more insightful view of approximation error than relative to absolute difference alone, being able to point out the number of digits of each rational value that matched up to 200 terms of √2.
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[bookmark: _Toc212357253]2.6 Testing and Validation
Each stage was tested by the code to make sure that it was accurate and making proper sense. The initial test was head(pelldata, 10) and it was used to check the structure and values of the dataframe to ensure that the columns of n, fib, pell and approx_sqrt2 were properly filled. Important test cases were also hand checked, including fib[4] = 2 and pell[6] = 29, which are the known sequences. Correctness of approximations was checked by seeing how approximations of such a value as approx_sqrt2 were gradually approaching to √2 (≈ 1.41421). At n = 10, as an illustration, the approximation was 2 decimal places, and by n = 50 or more, it was 5 or more. This established both logical convergence and accuracy of the loop of comparison of strings in decimal accuracy. These findings were expected based on number theory, and output of tests was checked with the help of print-statements and previews in dataframe.
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[bookmark: _Toc212357254]3. Reflection & Self-Evaluation
This project has been a good experience to use mathematical logic with the help of simple constructs of R programming. The most difficult part was to introduce the accuracy column that had to be formatted with string and compared one character after another to understand the number of the decimal places that were similar to √2. This was especially difficult when it comes to handling the decimal precision and preventing an error with string parsing in R. The loops rather than the functions were more like manualizing the code but promoted my learning of calculation in steps. Provided functions are permitted, I would modularise the logic to be easy to read and reuse and perhaps resort to vectorised operations to maximise the speed. In the course of this, I was able to expand my knowledge of number theory, particularly the way in which the Pell number of approximated irrational numbers such as √2 is calculated. I also learned to trust loop structures, rounding of numbers (in integer form) and controlling of dataframe in R. To assist me, I resorted to the help of GenAI tools (such as ChatGPT) with the help of which the structure of the report was compiled, logic and concepts clarified. I neither created nor copied final code with the use of AI, as it is against academic policy. In general, the activity improved my accuracy in programming, as well as my logical skills, particularly when it comes to testing and verifying complex results with the help of simple, loop-based logic.
[bookmark: _Toc212357255]

4. Conclusion
This assignment aimed to calculate and examine the first 200 values of the Fibonacci and Pell sequences and apply them to get rational approximations of √2. All the calculations were made in implicit loops, as demanded by the brief. A six-column data frame was built based on term indices, sequence values, approximations, rounding errors and accuracy scores. The outcomes showed effective convergence to √2 and gave a very clear picture of numeric patterns and string validation methods. The finished solution satisfies all the requirements and provides an idea of a good use of the loop-based programming in R.
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# Add rational approximation to sqrt(2)
approx_sart2 <- numeric(N + 1)

for (i in 1:(N = 1)) {
i (Fib[] 1= 0) {
| Bprocsarealil < pelllil / Fiblil
approx_sart2[i] <- NA # Avoid division by zero for n =
b
3

# Add to pelldata
pelldatasapprox_sart2 <= approx_sart2

# View sample
head(pelldata, 10)
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# Calculate the difference from sqrt(2) rounded to 5 decimal places
true_sart? <- sart(2)
diFF5 < numeric(N + 1)

for (i in 1:(N = 1) {
i (!is.na(pelldatasapprox_sqr2[i1)) {
diffS[i] <~ round(abs(pelldatasapprox_sqrt2[i] - true_sart2), 5)
3 else {
diFFS ] < A
b
3

# Add to dataframe
pelldatasdiff_sdp <- diffs

# View First few rous
head(pelldata, 10)
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# Step 7: Accuracy = number of matching decimal places with sqrt(2)
acc_decimal < numeric( - 1)

truestr < format(sart(2), digits = 16, nsmall = 16)

for (i in 1:(N = 1)) {
i (1is.na(pelldatasapprox_sart2(i1)) {

approx_str < format(pelldatasapprox_sart2[i], digits = 16, nsmall = 16)
# Extract decimal part only (after '.")

true_dec < strsplit(true_str, "\\.")[[1]][2]
approx_dec < strsplit(approx_str, "\\.")[[1]][2]

# Count matching decimal digits
match_count < 0
for (3 in 1:min(nchar (true_dec), nchar (approx_dec))) {
i (substr (true_dec, 3, j) = substr(approx_dec, 3, 3)) {
match_count < match_count + 1

3 else T
break
3
acc_decimal[i] <~ match_count
3else {
acc_decimal[i] < NA
b
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> head(pelldata, 10)
n fib pell approx_sqrt2 diff_sdp acc_decimals

10 0 o NA NA NA
2101 1 1.00000 0.41421 o
32 1 2 2.00000 0.58575 o
23 2 s 2.50000 1.08579 o
5403 12 4100000 2.58579 o
55 5 2 5.80000 4.38579 o
76 5 70 5.75000 7.33579 o
5 7 13 169  13.00000 11.58579 0
9 8 21 408 19.42857 18.01436 1
109 32 985 25.97059 27.55637 o
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# Generate Fibonacci and Pell numbers using loops
for (Giin 3:(N =+ 1)) {

Fib[i] <= fib[i - 1] + Fib[i - 2]

PeTT[i] <= 2 = pellli - 1] + pellli - 2]
3

# Conbine into a Dataframe
pelldata <- data. frame(
Fib = Fib,
pell = pell
>

# View first few rous to confirm
head(pelldata, 10)




