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[bookmark: _Toc133864268]

1. Introduction
[bookmark: _Toc133864269]1.1 Report Structure
Explicit finite difference form of the constitutive equation
This section describes the explicit finite difference method used to solve the constitutive equations. This method is based on a forward differencing scheme and requires the domain to be discretized into small intervals. The governing equations are solved iteratively at each time step using the values ​​from the previous time step. Compare the numerical solution obtained with the analytical solution to assess the accuracy of the method.

The constitutive equation of the problem
A heat equation is a partial differential equation that describes the flow of heat through a material and is used to calculate changes in temperature over time. It relates the rate of change of temperature to both the spatial gradient and the second derivative of temperature with respect to time within the material. 

The initial and boundary conditions implemented
This section describes the initial and boundary conditions implemented in two different codes. In Code 1, the north and south edges have linearly decreasing temperatures from 0 to 50 degrees Celsius, while the east and west edges have fixed temperatures of 0 and 50 degrees Celsius, respectively. In Code 2, the north and south edges are perfectly insulated, while the east and west edges have a Gaussian distribution of temperatures and are also insulated. The section also mentions that the central difference approximation is used to discretize the temperature gradient, and the Gaussian distribution equation with standard deviation calculation is needed to define the Dirichlet condition in Code 2.

Code's details and explanations
This section of the report discusses the details and explanations of the codes used for simulating the heat transfer process in a rectangular plate made of aluminum. The section explains the constants, parameters, and user input used in both codes 1 and 2. Code 1 employs the finite difference method, while code 2 uses a Gaussian distribution to set up the boundary conditions. The section also explains the boundary conditions for the insulated edges, the time integration calculations, and the thermal equilibrium time. 
Sensitivity analysis of code 1
This section describes a Code 1 sensitivity analysis that examines the effect of variations in model size on model response. This analysis includes three of his studies:
Effect of grid spacing, time step, and tolerance on thermal equilibrium time. A study of the lattice spacing shows that decreasing the lattice spacing tends to slightly decrease the thermal equilibrium time, but also increases the computational time and resource requirements. The time step study shows that smaller time steps lead to shorter thermal equilibrium times and the relationship is not perfectly linear. Finally, tolerance studies show that decreasing the tolerance leads to a shorter thermal equilibration time, but there is some variability in the data, especially at the lowest tolerance values. Overall, the study shows the model variables that influence model response and their impact on required computing resources.
Main model’s limitations
This section describes the limitations of the main model, focusing on numerical methods and coding. The explicit finite difference method has limitations that affect the accuracy and reliability of its results: B. Rounding error, truncation error, and stability. To minimize these effects, it is important to use high-precision arithmetic and carefully choose the optimal step size that satisfies the Courant-Friedrichs-Lewy condition. Coding limitations include assuming a perfectly smooth and continuous temperature field and defining thermal equilibrium based on minimum difference values ​​that may not accurately represent the underlying physics. Alternative methods such as Monte Carlo or molecular dynamics simulations can address this limitation, but may be more computationally intensive and require more resources.  
Suggested improvements for future developments
Section 8 of the report describes potential improvements and future developments of the 2D diffusion equation model using the explicit finite difference method. This report suggests investigating alternative numerical methods such as Alternating Direction Implicit (ADI) and Implicit Finite Difference Method (FDM) to improve stability and accuracy. We also propose to explore other numerical alternatives such as finite element method (FEM), finite volume method (FVM) and boundary element method (BEM) to handle complex geometries. Finally, the report recommends considering more robust thermal equilibrium modeling techniques such as: B. Monte Carlo or molecular dynamics simulations can capture small-scale fluctuations and temperature gradients that finite-difference methods cannot.
[bookmark: _Toc133864270]1.2 Aims and Objectives
Aims
1. Complete two MATLAB models based on the explicit finite difference method. 
2. Calculate the temperature distribution within an aluminium plate through time, based on the explicit finite difference method. 
3. Perform a sensitivity analysis of the first model.
4. Discuss the limitations of the model.
5. Suggest improvements for future work.
Objectives
1.  Model heat propagation across a 2D metal plate.
2.  Convert the diffusion equation into a linear equation (FDM – Finite Difference Method).
3. Ask the user to define the dimensions of the plate across x and y axis, and the grid spacing.
4. Provide and explain in detail the validation methods used for user input that ensure the code complies with the dimensions of the plate.
5. Ask the user to define the time step, and provide validation methods.
6. Define the stability criterion.
7. Provide thermal distribution heat maps, based on exemplar, valid, user input.


[bookmark: _Toc133864271]

2. Explicit finite difference form of the constitutive equation
[bookmark: _Toc308666275][bookmark: _Toc133864272]2.1 Taylor Series
Taylor series of function f(x) about point x =      (Chasnov, 2015).
(1) 
[bookmark: _Int_LvPbazOV](Francis, 2020)
The Taylor series that relates the value of a function at a point x =     to the value of the function at a nearby point , is:
  (2)
(Naik and kiran, 2021)
We can rearrange the above to get:
 (3)
Equation (4) gets used to make the forward difference approximation to  thus,
   (4)
(Kong, Siauw and Bayen, 2020)
[bookmark: _Toc1380368837][bookmark: _Toc133864273]2.1.1 Maclaurin Series
A Maclaurin series, known also as a Taylor series (7), is a function as an infinite sum of terms (Arof et al., 2020), derivatives of the function evaluated at a specific point. The series got named after the Scottish mathematician Colin Maclaurin, who developed the idea in the 18th century (O'Connor and Robertson, 2017).
 (5)

  (6)
(Cotta, Knupp and Quaresma, 2017)
[bookmark: _Toc749339470][bookmark: _Toc133864274]2.1.2 Error control using the forward difference approximation 
Forward difference approximation (FDA) is a numerical method for estimating the derivative of a function. FDA involves computing the difference between the function values at two neighbouring points (Edelstein-Keshet, 2015a). The difference gets divided by the step size 'h', enabling the derivative to get approximated at a particular point. This method is simple to implement and can provide a good estimate of the derivative for most practical purposes.
One of the main applications of forward difference approximation is in error control. By estimating the error of a numerical solution to a problem, it is possible to determine the accuracy and precision of the solution (Rogalev and Rogalev, 2020).
The accuracy of FDA depends on the value of 'h' (Kong, Siauw and Bayen, 2020). As 'h' gets smaller, the approximation becomes more accurate (Kong, Siauw and Bayen, 2020). It is possible to determine the accuracy dependency on 'h' using the error formula, which estimates the error incurred using the approximation of order O(h).
O(h) = unknown error term, which means:
  (7)
(Causon and Mingham, 2010)
  (8)
                                                                                              (Naik and kiran, 2021)
The equation shows that the smaller the ‘h’, the error will get linerally smaller because they are equal.

[bookmark: _Toc1963697043][bookmark: _Toc133864275]2.1.3 Creating a more accurate error control using the backward difference approximation 
Backward difference approximation is a numerical technique that can estimate the derivative of a function at a particular point (Kong, Siauw and Bayen, 2020). A finite difference method (FDM) that calculates the difference between the function values at the point of interest and a previous point. This method can approximate the derivative when it is not possible to use analytic methods.
To obtain the backward difference approximation, the Taylor series gets used (Kong, Siauw and Bayen, 2020). The Taylor series is a function of an infinite sum of terms, with each term's derivative evaluated at a particular point (The Open Univeristy, 1996). In the case of the backward difference approximation, the Taylor series gets shifted backwards, and the derivative gets evaluated at the previous point. This method provides a way to estimate the derivative of a function in a particular region accurately (Kong, Siauw and Bayen, 2020).
[bookmark: _Int_fDcUcxDp]The accuracy of the backward difference approximation depends on the step size chosen. If the step size is too large, the approximation may be inaccurate or cause instability in the solution. Thus, an appropriate step size must get chosen for the specific problem. 
[image: ]
[bookmark: _Toc133864305]Figure 1. Correct code for the time step, with input validation.

Figure 1 shows what the code for the time step must look like. Including the validation methods in the ‘while’ loop.  Figure 2 shows what the matrix can be expected to look like after the thermal equilibrium gets reached. Straight linear representation of temperatures. 
[image: ]
[bookmark: _Toc133864306]Figure 2. Temperature distribution graph after choosing a time step size within the correct limits.

If validation was not specified in the code, as shown in Figure 3, the explicit finite difference method calculations would throw an error, and the graph will be incorrect as shown in Figure 4. Thus, it is of upmost importance to ensure that the user input is controlled, and that only figures within the expected limits can go through the calculations.
[image: ]
[bookmark: _Toc133864307]Figure 3. Example of what the code would look like without the validation for the time step sizing.

[image: ]
[bookmark: _Toc133864308]Figure 4. Temperature distribution for a time step size not within the correct limits.

Equation 12 calculates the slope of the tangent line to the function at the point x0 by approximating it with the slope of the line passing through two nearby points on the function, namely (x0, f(x0)) and (x0 - h, f(x0 - h)) (Edelstein-Keshet, 2015). The backward difference approximation is "backward" because it uses the function value at a point located behind the point of interest (Momoniat, Harley and Berman, 2013). Correspondingly, the forward difference approximation uses the function value ahead of the point of interest.
   (9)
(Naik and kiran, 2021)
Rearranging yields,
  (10)
(Naik and kiran, 2021)

Creates the backward difference approximation:
   (11)
(Harker and O’Leary, 2014)
[bookmark: _Int_VaYHkDU4]Where, 
h = a small positive number representing the distance between the two points (Edelstein-Keshet, 2015a),

To quantify how the error depends on ‘h,’ of order O(h):
  (12)
(Naik and kiran, 2021)

Since the error and h still work linerally, the forward and backward difference approximations must get combined:
 (13)
(14)
To create an improved error control tool:
 (15)
(Harker and O’Leary, 2014)
So,
  (16)
(Harker and O’Leary, 2014)

[bookmark: _Toc592765056][bookmark: _Toc133864276]2.1.4 Central difference approximation
 (17)
The error of central difference approximation is given by (to order, ).
  (18)
(Harker and O’Leary, 2014)
This error tool will be better than the forward and backward difference approximations, especially for small h values.
[image: ]
[bookmark: _Toc133864309]Figure 5. Visual representation of forward, backwards, and central difference approximation graphs (Kong, Siauw and Bayen, 2020).

[bookmark: _Toc2028982608][bookmark: _Toc133864277]2.1.5 Central difference approximation to the 2nd derivative
Correspondingly, the forward and backward approximations need to get combined:
 (19)
 (20)
Therefore,
  (21)
(Naik and kiran, 2021)

So, the central difference approximation to the 2nd derivative is:
   (22)
(Harker and O’Leary, 2014)

The error is of order  and is given by:
 (23)

[bookmark: _Toc1044851170][bookmark: _Toc133864278]2.2 Explicit Finite Difference Scheme
2.2.1 Thermal diffusion equation
         (24)
[bookmark: _Int_jIAjMjEZ]Where, 
       = Laplacian defined by  I                                        in three dimensions
t = time
T = temperature
    = thermal diffusivity (m2.s-1)
k = thermal conductivity (m-1.K-1)
p = density (kg.m-3)
c = specific heat (J.kg-1.K-1)
[bookmark: _Toc133864279] 2.2.2 Explicit Method
The differential thermal diffusion equation was represented in finite-difference form using,
· Central differences to discretize 
· Forward differences to discretize 
At the point P,
      (25)
      (26)
          (27)

Substituting into the thermal diffusion equation gives the central difference equation,
 (28)
(Evans, Majumdar and Schehr, 2020)
Where,
The Fourier Number,
  (29)
[bookmark: _Toc1525478266][bookmark: _Toc133864280]2.3 Domains
The discretization of geometry involved the creation of a matrix, or a grid, with a defined number of columns 'nc' and rows 'nr.' The user inputs the x-dimension 'Lx' and y-dimension 'Ly' to set up the grid's size. The matrix gets populated with zeros for code 1, which initializes the domain temperature to T = 0 degrees Celsius. 
Correspondingly, in code 2 the matrix was filled with 20s, effectively initializing the domain temperature to T = 20 degrees Celsius.
[image: ]
[bookmark: _Toc133864310]Figure 6. Spatial domain.

Next, the constant boundary conditions were set for each of the edges of the matrix.

[bookmark: _Toc1337330780][bookmark: _Toc133864281]2.4 Stability Criterion
In the explicit finite difference equation (Fourier number) the time step      must not exceed the stability criterion: [define it better]
    (30)
in 2D.            
Additionally (Olver, 2008), according to reducing the step size by a factor of 1/10 reduces the size of the error by approximately the same factor.

[bookmark: _Toc133864282]3. The constitutive equation of the problem.
[bookmark: _Toc133864283]3.1 The heat equation
“The heat equation is a partial differential equation that describes the flow of heat through a material... used to calculate the change in temperature over time”
[bookmark: _Int_QKJUjC8H](Çengel and Ghajar 65)
The heat equation used in the codes is:
  (31)
(Zhu, 2023)
Where,
T = temperature, 
t = time, 
x and y = spatial coordinates, 
α = thermal diffusivity,  
∂ and ∂² = partial derivatives.
Implementing the explicit finite difference method uses the heat equation to simulate heat transfer in the rectangular aluminium plate. The heat describes how temperature changes with time and space due to thermal diffusion. This partial differential equation relates the changing rate of temperature to both the spatial gradient and the second derivative of temperature for the time in the material (tec-science, 2020). Specific to this code, the heat equation gets discretized using the explicit finite difference (EFD) method and parameter F (Fourier number) as the discretization parameter. The method approximates the second derivative in time using a forward difference and the second derivative in space using a central difference.
[image: ]
[bookmark: _Toc133864311]Figure 7. Explicit finite difference form of the constitutive equation.
[bookmark: _Toc2007375682][bookmark: _Toc133864284]4. The initial and boundary conditions implemented.
4.1 Code 1 – Initial Boundary conditions
North edge – Temperature linearly decreasing from 0 to 50 degrees Celsius.
East edge – Temperature of 0 degrees Celsius along the edge.
West edge – 50 degrees Celsius along the edge.
South edge – Temperature linearly decreasing from 0 to 50 degrees Celsius.

4.2 Code 2 – Initial Boundary conditions
North edge – Perfectly well insulated, with no heat flow,  .
East edge – Perfectly well insulated, with no heat flow, .
West edge – Gaussian distribution of temperatures of amplitude 80 degrees Celsius. 
South edge – Perfectly well insulated, with no heat flow .
The Gaussian distribution equation should be formally provided, with the calculation of the standard deviation to define the Dirichlet condition implemented in code 2. 
This chapter should introduce the discretisation of the temperature gradient using the central difference approximation to fully justify how the code deals with each part of the insulated boundaries in code 2


[bookmark: _Toc674252682][bookmark: _Toc133864285]5. Codes’ details and explanations.	
The first few sections of code 1 and code 2 are the same as they only set up the constant values, and then the calculations differ for both codes.
[bookmark: _Toc214281651][bookmark: _Toc133864286]5.1 Constants, parameters, and user input (same for codes 1&2)
The first few lines of the code define the constants for the calculations. As shown in Figure 10, these are the parameters of aluminium that include: thermal conductivity, density, and specific heat. The thermal diffusivity was calculated by dividing the thermal conductivity by the product of specific heat and density (Svensk et al., 2003), creating another constant.
Thermal diffusivity:
     (32)

[image: ]
[bookmark: _Toc133864312]Figure 8. Constants and parameters.
The code shown in Figure 11&12 defines the length of the x and y-axis of a rectangular plate. The code uses the input() function to prompt the user for input. To ensure the input is correct, a while loop gets used for input validation. The input is first checked for existence using the isempty() function, then for numeric data types using the isnan() function, and finally for the value range with the <= comparison operator. If any of these validation methods are triggered, the while loop will display an error message informing the user about the incorrect input and specifying the correct input required. The while loop will continue to ask for reinput until it gets entered correctly.
Once a valid value gets entered, the while loop will stop, and a message will appear via the disp() and the num2str() functions, conveying info about the stored input and the corresponding value. The message will include the name of the stored input, namely 'X(or Y)-dimension', and the numeric input will get converted to a string using the num2str() function. This way, the user will have assurance about the input they provided and can carry on with the code execution.
[image: ]
[bookmark: _Toc133864313]Figure 9. Dimension of the plate, X-axis.


[image: ]
[bookmark: _Toc133864314]Figure 10. Dimension of the plate, Y-axis.

[bookmark: _Int_AkMZNbSj]In the finite difference method, the grid spacing, which indicates the distance between grid points, plays a significant role in determining the accuracy of the simulation. To enable the user to input the grid spacing value, Figure 13's code employs the input() function, prompting the user for input. The user is then prompted to provide the grid spacing value, which is, in turn, used to compute the number of rows and columns in the temperature matrix. To ensure that the entered grid spacing value is valid and lies within the limits of the plate dimensions, the code utilizes input validation techniques, much like the ones used for defining the X and Y dimensions.
[image: ]
[bookmark: _Toc133864315]Figure 11. Grid spacing.


After calculating the grid spacing, the time step value gets computed using the formula, F = alpha*dt/h^2 (33), where F is the Fourier number, and alpha is the thermal diffusivity of the plate. The user gets prompted to provide a value for this parameter, which the code tests for validity and compliance with the Fourier number's constraints (F > 0.25). If the input value falls outside the threshold, the user gets prompted to input another one until a valid one gets obtained. The while loop will continually recalculate the Fourier number and end when the input is within the accepted limits.
Fourier number to fulfil the stability criterion:
    (33)
Matlab: [F=alpha*dt/h^2]
The Fourier number must be <0.25 for the stability criterion to get fulfilled. 
[image: ]
[bookmark: _Toc133864316]Figure 12. Time step.

After determining the plate dimensions and grid spacing, the code calculates the derived parameters, namely 'nc' (number of columns) and nr (number of rows). Columns get calculated by dividing the X-dimension by the grid spacing and adding 1 to the quotient result (number of columns required to cover 'Lx' with grid size 'h'). The integer part of (Lx/h) alone accounts only for the number of grid lines that fit in Lx, but the number of grid lines is one more than the number of cells required to span Lx. Thus, adding one to the integer part of (Lx/h) yields the exact number of cells needed to fill Lx.

[image: ]
[bookmark: _Toc133864317]Figure 13. Calculate derived parameters.



[bookmark: _Toc2079395033][bookmark: _Toc133864287]5.2 Code 1.
To begin the temperature matrix, as shown in Figure 16, matrix 'T' was created of size 'nr' (number of rows) by 'nc' (number of columns). All the values got set to 0 using the zeros() function to ensure that the simulation starts with a known state before any calculations get performed on the matrix.
[image: ]
[bookmark: _Toc133864318]Figure 14. Code 1 – Initialise temperature matrix.


[bookmark: _Int_8Fdk5i5f][bookmark: _Int_n8M5IwkJ][bookmark: _Int_3sqpc1BY][bookmark: _Int_tiL7Kvx2]The boundary conditions were applied using the code shown in Figure 8. This code sets all the values (:) in the first column to 50 °C, representing the west edge's temperature, using T(:,1) = 50. Similarly, T(1,:) = linspace(50, 0, nc) uses the linspace() function to linearly space values along the bottom row. Here, a vector of 'nc' (number of columns) values is generated, with the temperatures decreasing linearly from 50 to 0 °C, representing the temperature decline from the south edge.
[bookmark: _Int_c0p4aqLh][bookmark: _Int_Ozth3W1m]The code further sets the last column's values (:) to 0 °C, representing the east edge's temperature using T(:,end) = 0. Finally, it sets the first row's temperature (end,:) using the linspace() function as the south edge but in reverse order. This function calculates the temperature values, where a vector of 'nc' (number of columns) values gets generated, starting from 50°C to 0°C, representing the temperature declining linearly from 50-0 °C along the north edge.
[image: ]
[bookmark: _Toc133864319]Figure 15. Code 1 – Boundary conditions.

Validation results for the finite difference calculations appear in Figure 18. The convergence tolerance, represented as 'tol,' determines when the solution sufficiently converged, and is set at 0.01. The initial error value, 'err,' is set to infinity (inf) to begin the iterative algorithm. In the time integration process, the number of iterations appears as 'iter'.
[image: ]
[bookmark: _Toc133864320]Figure 16. Code 1 - Validation for the time integration while loop calculations.

In Figure 19, a while loop iteratively updates the temperature matrix until the maximum temperature change between two consecutive iterations falls below the specified convergence tolerance, 'tol.' At each iteration, the current temperature matrix gets stored in 'T_old,' and a nested for loop updates the temperature at each interior point in the matrix using the finite difference method. After updating all 'interior points', the maximum temperature change between the new and old matrices gets computed using max(abs(T(:)-T_old(:))) and assigned to 'err.'
If the initial error 'err' exceeds the convergence tolerance 'tol,' the loop proceeds to the next iteration, using the updated temperature matrix as a new starting point. Conversely, if 'err' is less than or equal to 'tol,' the loop terminates. The loop's conclusion triggers a display of the final temperature distribution as a contour plot using the contourf() function. The pause() is incorporated to slower the plotting, making the convergence easier to observe.
Using the central difference equation:
     (34)
    (35)
[bookmark: _Int_ydWJhhN5]Where,
            =T(r,c)
[bookmark: _Int_DPuFEM1U]       = T_old(r-1,c)
[bookmark: _Int_KiizgOjZ]        = T_old(r+1,c)
       = T_old(r,c-1)
       = T_old(r,c+1)
 = (4-1/F)
       = T*(r,c)
During the while loop, the code computes each row (excluding the first and last columns) at every iteration. Should the stability criterion not pass validation, the code would avoid row-by-row computation and calculate the next row and its right-side counterpart instead of proceeding with the current row.
[image: ]
[bookmark: _Toc133864321]Figure 17. Code 1 - While loop for time integration calculations.


[bookmark: _Toc547995247][bookmark: _Toc133864288]5.3 Code 2
[bookmark: _Toc133864289]5.3.1 Domain initialisation
The temperature matrix gets set-up similarly to Code 1 (Figure 20). The code creates a matrix named 'T' with dimensions of nr (number of rows) x nc (number of columns). The zeros() function sets all elements to 0, and then, the matrix T is multiplied by 20 to set all values to 20.
[image: ]
[bookmark: _Toc133864322]Figure 18. Code 2 – Initialise temperature matrix.


[bookmark: _Toc133864290]5.3.2 Gaussian distribution of temperatures of amplitude 80 degrees Celsius along the west edge
[Formal inroduction of gaussian distribution]
[bookmark: _Int_zECoN9wI]The code "N_rows = height(T);" assigns the number of rows in matrix T to the variable N_rows. Additionally, the code "y0 = ((1+N_rows)/2);" computes the y-coordinate of the middle row of the matrix, used for obtaining the mean of the Gaussian distribution.
[bookmark: _Int_M7gmnk0o][bookmark: _Int_FUV41WRn]Furthermore, the code "sigma = sqrt((-(1-y0).^2)/(2*log(20/80)));" calculates the standard deviation of the Gaussian distribution, with values varying according to each row's distance from the middle row. The equation used in this step is the transposed variation of the Gaussian equation.
   (36)

Transposed for sigma, to determine the standard deviation to define the width of the Gaussian curve:
      (37)
· for row = 1: nr; loops through each row of the first column of the matrix.
· [bookmark: _Int_0vCDC5Zk][bookmark: _Int_rYQ4AGCn][bookmark: _Int_vbq3LhC4]T(row,1)=80*exp((-(row-y0).^2)/(2*sigma.^2)); sets the temperature at each point along the first column of the matrix according to a Gaussian distribution. The temperature values are calculated using the Gaussian equation, where 80 is the maximum temperature value, and sigma is the standard deviation calculated above.

[image: ]
[bookmark: _Toc133864323]Figure 19. Code 2 – Boundary conditions for the west edge of the plate.



[bookmark: _Toc133864291]5.3.3 Initialising boundary conditions
The east, north and south edges were perfectly insulated with no heat flow, so, the matrix 'T' was set up to zeros on those edges. The top-right corner and top-bottom corner were set to 20 degrees Celsius.
[image: ]
[bookmark: _Toc133864324]Figure 20. Code 2 – Boundary conditions for the east, north and south edges.


[bookmark: _Toc133864292]5.3.4 Boundary conditions for the perfectly insulated edges
The central difference approximation derived from Taylor Series got used to determine the temperature using the flux condition.
 (38)
(Harker and O’Leary, 2014).
So,
      (39)
        (40)
As a result, the central difference equation,
(41)
The              were modified for each insulated boundary.
[bookmark: _Int_JH3Qu5V2]Along the north boundary, the non-existing          was replaced by       .
[bookmark: _Int_abq0aAd9]Along the east boundary, the non-existing          was replaced by          .
[bookmark: _Int_9dIZk2kz]Along the south boundary, the non-existing          was replaced by        .
[bookmark: _Int_3QvJR4KL][bookmark: _Int_20FyZRla]At the top right corner, the non-existing          was replaced by        ; and non-existing          by         .
[bookmark: _Int_buih2nRq][bookmark: _Int_Ss99CLWl]At the bottom right corner, the non-existing          was replaced by          ;and non-existing         by         .
[image: ]
[bookmark: _Toc133864325]Figure 21. Code 2 - While loop for time integration calculations.


[bookmark: _Toc133864293]5.4 Thermal equilibrium time (same for codes 1&2)
[bookmark: _Int_lAcBRNxg]This section of the code displays how long it took for the system to reach the thermal equilibrium state. The 'T' matrix shows the final temperature distribution for the user to view. Then, the number of iterations needed for the thermal equilibrium to get achieved is displayed using the disp() and num2str() functions to show the value of 'iter' (the number of iterations).
An If-else statement checks the time taken in seconds and converts the value into the appropriate time units based on its size (minutes, hours, days, or weeks). The time taken is displayed using the disp() function, along with the message "Equilibrium reached after: ". The 'time_str' variable contains the formatted string representing the time taken.
[image: ]
[bookmark: _Toc133864326]Figure 22. The number of iterations to reach thermal equilibrium.


[image: ]
[bookmark: _Toc133864327]Figure 23. Time to reach thermal equilibrium.


[bookmark: _Toc813746399][bookmark: _Toc133864294]6. Sensitivity analysis of code 1.
Sensitivity analysis lets you explore the effects of variations in model quantities (species, compartments, and parameters) on a model response. You can use the analysis to validate preexisting knowledge or assumption about influential model quantities on a model response or to find such quantities.
(The MathWorks, 2023)
[bookmark: _Toc380185735][bookmark: _Toc133864295]6.1 Influence of the grid spacing on thermal equilibrium time

[bookmark: _Toc133864331]Table 1. Code study to examine how the grid spacing affects the thermal equilibrium time.
	Grid spacing, h
	Time step (fixed)
	Tolerance (fixed)
	Thermal equilibrium time (days)

	3
	150
	0.001
	1.89

	2
	150
	0.001
	1.73

	1.5
	150
	0.001
	1.80

	1.2
	150
	0.001
	1.75

	1
	150
	0.001
	1.78

	0.75
	150
	0.001
	1.77

	0.5
	150
	0.001
	1.77

	0.25
	150
	0.001
	1.76

	0.2
	150
	0.001
	1.76



Grid spacing determines the spatial resolution of the numerical solution. As grid spacing decreases, the accuracy of the solution increases due to a more refined representation of the spatial domain. However, smaller grid spacing leads to a larger number of grid points, resulting in increased computational time and resource requirements.
As seeon on Figure 24, there is a slight trend of decreasing thermal equilibrium time as grid spacing decreases. However, there are some fluctuations in the data, particularly around the grid spacing of 1.5 and 0.75. These fluctuations may be due to experimental error or other factors. Overall, the grid spacing did not affect the thermal equilibrium time much.
[image: ]
[bookmark: _Toc133864328]Figure 24. Thermal equilibrium vs Grid spacing study.

[bookmark: _Toc1076273467][bookmark: _Toc133864296]6.2 Influence of the time step on thermal equilibrium time

[bookmark: _Toc133864332]Table 2. Code study to examine how the time step affects the thermal equilibrium time.
	Grid spacing, h (fixed)
	Time step
	Tolerance (fixed)
	Thermal equilibrium time (days)

	0.75
	2000
	0.0001
	3.31

	0.75
	1500
	0.0001
	3.25

	0.75
	1000
	0.0001
	3.14

	0.75
	800
	0.0001
	3.06

	0.75
	600
	0.0001
	2.98

	0.75
	400
	0.0001
	2.85

	0.75
	200
	0.0001
	2.63

	0.75
	100
	0.0001
	2.4

	0.75
	50
	0.0001
	2.17


The time step, often denoted as Δt, defines the temporal resolution of the simulation. A smaller time step increases the accuracy of the numerical solution by capturing transient behavior more precisely. However, as with grid spacing, a smaller time step also results in an increased number. of time iterations, which in turn leads to higher computational time and resource demands. The stability of the numerical solution is also impacted by the choice of time step. 
The thermal equilibrium time decreases as the time step decreases. This relationship is not perfectly linear. The smaller the time step, the shorter the thermal equilibrium time.

[image: ]
[image: ]
[bookmark: _Toc133864329]Figure 25. Thermal Equilibrium vs Time Step size study.

[bookmark: _Toc1382130096][bookmark: _Toc133864297]6.3 Influence of tolerance on the thermal equilibrium time
Tolerance refers to the acceptable error threshold for determining the convergence of the numerical solution towards a steady-state or thermal equilibrium. A smaller tolerance value leads to a more accurate solution, as it requires the difference between successive time iterations to be smaller for convergence to be achieved. However, tighter tolerance values also result in an increased number of iterations and, consequently, longer computational time.

[bookmark: _Toc133864333]Table 3. Code study to examine how tolerance affects the thermal equilibrium time.
	Grid spacing, h (fixed)
	Time step (fixed)
	Tolerance
	Thermal equilibrium time

	1
	500
	0.1
	15.28

	1
	500
	0.01
	1.41

	1
	500
	0.001
	2.18

	1
	500
	0.0001
	2.95

	1
	500
	0.00001
	3.71

	1
	500
	0.000001
	4.48



There is a general trend of decreasing thermal equilibrium time as the tolerance gets smaller (i.e., as the system approaches higher precision). However, there was also some variability in the data, particularly at the lowest tolerance values. Tolerance was influential on the thermal equilibrium time, and tolerance of 0.1 was odd out of the trend. Therefore, it is better to use tolerance of >0.01.


[image: ]
[bookmark: _Toc133864330]Figure 26. Thermal equilibrium vs Tolerance study.



[bookmark: _Toc1384048112][bookmark: _Toc133864298]7. Main model’s limitations.
[bookmark: _Toc133864299]7.1 Limitations due to the numerical methods
The explicit finite difference method is a widely used numerical approach for solving partial differential equations, but it has several limitations that affect the accuracy and reliability of its results (LeVeque, 2005).
Round-off error is an inherent limitation of any numerical method that arises from the fact that computers can only represent numbers with a finite number of digits (Greaves, 2014). Consequently, small errors in the calculation of each step can accumulate over time, leading to significant inaccuracies in the results (Popyack, 2000). To minimise the effects of round-off error, it is important to use high-precision arithmetic (Greaves, 2014) and to carefully choose the size of the time steps used in the simulation.
Truncation error is another limitation caused by the method's approximation of continuous solutions of partial differential equations (LeVeque, 2005). As the step size decreases, the error increases, making it important to balance accuracy and computational efficiency by selecting an optimal step size.
Stability is a critical limitation that can lead to numerical oscillations or failure of the simulation (LeVeque, 2005). The stability of the method is governed by the Courant-Friedrichs-Lewy (CFL) condition, which relates the time and spatial step sizes to the physical parameters of the system (Caminha, 2017). To ensure stability, it is important to select a time step size that satisfies the CFL condition, even if this means sacrificing some accuracy.

[bookmark: _Toc133864300]7.2 Limitations due to the coding
In many simulations, thermal equilibrium is defined by a minimum difference value between two successive temperature maps. However, this approach may not accurately represent the underlying physics.
Defining thermal equilibrium based on a minimum difference value assumes a fully smooth and continuous temperature field, which is not the case due to small-scale fluctuations and thermal gradients. This limitation can result in inaccurate estimates of the time needed to reach thermal equilibrium and affect the final temperature distribution.
 
Alternative methods, such as Monte Carlo or molecular dynamics simulations, can address this limitation by accounting for the small-scale features and thermal fluctuations that are not captured by the finite difference method (Paquet and Viktor, 2015). However, these methods may be computationally more expensive and require more resources.


[bookmark: _Toc2103541122][bookmark: _Toc133864301]8. Suggested improvements and future developments.	
There are various areas that may be explored when discussing enhancements and future advances for the 2D Diffusion Equation model utilising the Explicit Finite Difference Method. To alleviate stability concerns and boost accuracy, one potential solution is to employ the Alternating Direction Implicit (ADI) or Implicit Finite Difference Method (FDM). The ADI method is a numerical methodology noted for its stability and capacity to handle stiff systems that may be used to solve partial differential equations, including the diffusion equation. It may be feasible to produce more accurate results while avoiding some of the stability difficulties associated with Explicit FDM by employing ADI or Implicit FDM.
In addition to ADI, it may be advantageous to study other numerical alternatives to the FDM, such as the Finite Element Method (FEM), Finite Volume Method (FVM), or Boundary Element Method (BEM) (BEM). These approaches are frequently better suited to dealing with complicated geometries, which is a weakness of Explicit FDM. It may be feasible to generate more accurate findings and simulate more complicated systems by combining these other approaches into the model.
Lastly, more robust methods of modelling thermal equilibrium are required. Present era, thermal equilibrium is frequently described as the smallest difference between two subsequent temperature maps, which may not necessarily adequately represent the system's underlying physics. Other approaches, such as Monte Carlo simulations or molecular dynamics simulations, may be more suited to simulating thermal equilibrium and capturing small-scale fluctuations and thermal gradients that the Finite Difference Method does not capture. It may be feasible to increase the accuracy and reliability of the 2D Diffusion Equation model by examining these alternative techniques.


[bookmark: _Toc472728403][bookmark: _Toc133864302]9. Conclusion.
The heat equation is a partial differential equation used to calculate the temperature change through a material over time. This equation is used by the explicit finite difference method to model heat transfer in a rectangular aluminium plate, which is discretized using the EFD method and parameter F. The forward difference approximation is a numerical approach for estimating a function's derivative, whereas the backward difference approximation is a technique for calculating the derivative of a function at a certain point.
Both methods can be used for error control, but their accuracy depends on the step size used. The geometry was discretized by creating a matrix, or grid, with a fixed number of columns and rows. There are various drawbacks to the explicit finite difference approach, including round-off error and truncation error, which can impair the precision and trustworthiness of its conclusions. To reduce these limitations, it is critical to employ high-precision arithmetic and carefully select the size of the time steps used in the simulation.



[bookmark: _Toc116472417][bookmark: _Toc133864303]10. References


[bookmark: _Toc753456511][bookmark: _Toc133864304]11. Appendix
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% TIME STEP %
dt = input(’Choose a time step (in seconds):

5 % User chooses a time stepl.

Fealpha®dt/h*2; % Initial F value

while isempty(h) || isnan(h) || F>0.25 || dt<=0 % Checks if the input is empty and/or if it is a number and/or if F is bigger than 0.25.
disp([*Invalid input! Please enter another time step that is less than ' num2str((0.25°h"2)/(alpha)) * and more than 0.'1);
dt = input(['Tine step (s): °, dt]);

1pha*dt/h"2;

end
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Temperature distribution after 738000 s
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% TIME STEP %

dt = input(’Choose a time step (in seconds): '); ¥ User chooses a time step.

lpha*dt/h*2; % Initial F value
while isempty(h) || isnan(h) || F % Checks if the input is empty and/or if it is a number.
disp([*Invalid input! Please enter another time step that is less than ' num2str((0.25°h2)/(alpha)) * and more than 0.°]);
dt = input(['Tine step (s): °, dt]);
Fealphadt/h"2;
end
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Temperature distribution after 255000 s
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% CALCULATE DERIVED PARAMETERS %
(Lx/h) +1; % these are columns
nr = (Ly/h) +1; % these are rous

% INITIALISE TEMPERATURE MATRIX %
T = zeros(nr,nc); % Creates matrix with all values as @
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for r

nr-1
For ¢ = 2inc-1
T(r,<) = (T_old(r-1,c)+T_old(r+1,)+T_old(r,c-1)+T_old(r,c+1)-(4-1/F)*T(r,c)) * F;

end
end
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% CONSTANTS AND PARAMTERS (ALUMINIUM)%
k = 143; % Thermal conductivity, W/m.K
rho = 2800; % Density, kg/m3

= 795; % Specific heat, 1/kg.K

alpha = k/(c*rho); % Thermal Diffusivity
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% DIMENSION OF THE PLATE X-AXIS %
Lx = input('Define the dimension of the plate along the x-axis (metres): ')

while isempty(Lx) || isnan(Lx) || Lx<=0 % Checks if the input is empty and/pr if it is a number (greater than 0)
disp(*Invalid input! Plesse enter a number (metres).')

Lx = input('Define the dimension of the plate along the x-axis again (metres): '

end

disp(['X-axis dimension (metres): ', num2str(Lx)]);
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% DIMENSION OF THE PLATE Y-AXIS %
Ly = input('Define the dimension of the plate along the y-axis (metres): ')

while isempty(Ly) || isnan(ly) || Ly<=0 % Checks if the input is empty and/pr if it is a number (greater than 0)
disp(*Invalid input! Plesse enter a number (metres).');

Ly = input('Define the dimension of the plate along the y-axis again (metres): '

end
disp(['V-axis dimension (metres):

L num2str(Ly)]);
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% GRID SPACING %
h = input(*Choose grid spacing (metres): '); % User chooses grid spacing
while isempty(h) || isnan(h) || h>=Lx || h>=Ly || h<=6 % Check if the input| is a number/ficld is empty

disp([ ' Invalid input! Please enter a number that is less than the x-dimension (' num2str(Lx) ') & slso the y-dimension (' num2str(Ly) '); and more than 0.'1);
h = input('Choose another grid spacing (metres): ');

end
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% TIME STEP %
dt = input('Choose a time step (in seconds): '); % User chooses a time stepl.

lpha*dt/h*2; % Initial F value
while isempty(h) || isnan(h) || F>0.25 || dt<=0 % Checks if the input is empty and/or if it is a number and/or if F is bigger than 0.25.
disp([*Invalid input! Please enter another time step that is less than ' num2str((0.25°h"2)/(alpha)) * and more than 0.'1);
dt = input(['Tine step (s): °, dt]);
Fealphadt/h"2;
end
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% CALCULATE DERIVED PARAMETERS %
(Lx/h) +1; % these are columns
(Ly/h) + 1; % these are rous
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% INITIALISE TEMPERATURE MATRIX %
T = zeros(nr,nc); % Creates matrix with all values as @
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% APPLY BOUNDARY CONDITIONS %
T(:,1) = 505 % West edge

T(L,:) = linspace(Se, 0, nc); ¥ South edge
T(:,end) = 0; % East edge

T(end,:) = linspace(se, 0, nc); ¥ North edge
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% PERFROM TIME INTEGRATION USING EXPLICIT FINITE DIFFERENCE METHOD %
tol = 0.01; % convergence tolerance

err = inf; ¥ initial error

iter = 6; % number of iterations
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while err > tol
T old
for £

for ¢ c-1
T(r,<) = (T_old(r-1,c)+T_old(r+1,)+T_old(r,c-1)+T_old(r,c+1)-(4-1/F)*T(r,c)) * F;

iter +1;
max(abs (T

1)-T_o1d(:))); % calculste meximum change in tempersture

% PLOT TEHPERATURE DISTRIBUTION AT FINAL TIHE AS 30 SURFACE PLOT %
Figure(1);

contourf (1);

colorbar;

colormsp(*ject)

xlsbel('x (m));

ylabel('y ()');

title(sprintf( Tenpersture distribution sfter %5 =, itertdt));
pause(0.2)

end
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% INITIALISE TEMPERATURE MATRIX %
T = zeros(nr,nc)*20; % Creates matrix with all values as 20
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% BOUNDARY CONDITION - WEST EDGE %
N_rous = height(T);
¥0 = ((14N_rows)/2); % Mean (middle row)

signa = sqrt((-(1-y0).*2)/(2°10g(20/80))); % Transposed Gaussian equation to deternmine signa

For row

1:nrg

T(rou,1)=80%exp((- (row-ye) .*2)/(2*signa.*2)); ¥ Gaussian distribution [est Edge]
end
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% BOUNDARY CONDITION - EAST, NORTH, SOUTH, EDGES %
t,end) = 0; % EAST

T(L,1) = 05 % NORTH

T(end,:) = 0; % SOUTH

T(L,1) - 205 %

T(end,1) = 205
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while err > tol
T_old = T; % initial temperature distribution to be used again

for

end

for

end

for

end

for

end

T,

r =21
for ¢ c-1
T(r,<) = (T_old(r+1,c)+T_old(r-1,)+T_old(r,c+1)+T_old(r,c-1)-(4-1/F)*T(r,c)) * F;
end
€ =21
T(1,6) = (T_o1d(2,€)+T_old(1,c-1)+T_old(1,c41)-(3-1/F)*T_old(1,c)) * F; % North edge boundary
R Y
T(r,end) = (T_old(r-1,end)+T_old(r+1,end)+T_old(r,end-1)-(3-1/F)*T_bld(r,end)) * F; % £ast edge boundary
€= 2:nc1
T(end,c) = (T_old(end-1,c)+T_old(end, c-1)+T_old(end,c+1)-(3-1/F)*T old(end,c)) * F; % South edge boundary
end) = (T_old(2,end)+T_old(1, end-1)-(2-1/F)*T_old(1,end)) * F; % Top right corner boundary

T(end,end) = (T_old(end-1,end)+T_old(end,end-1)-(2-1/F)*T_old(end,end)) * F; % Bottom right corner coundary
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I

disp(['Equilibriun reached after ' num2str(iter) ' iterations.'])
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% HOW LONG DOES IT TAKE TO REACH EQUILIBRIUM

i itersdt
time_str
elseif iter*dt
tine_str =
elseif iter*dt
tine_str =
elseif iter*dt
time_str =

else
time_str

end

disp(['Equilibrium reached after

© 88 iter=dt < 60

Sprintf('%.2f seconds’, iterdt);
>= 60 &8 itervdt < 3600
sprintf('%.2f minutes’, iterdt/60);
>= 3600 &8 iter*dt < 86400
sprintf('%.2f hours’, iter*dt/3600);
>= 56400 8& iter*dt < 604300
sprintf('%.2f days’, iter*dt/86400);

Sprintf('%.2f ueeks’, iter*dt/604300);

. time_str]);
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Thermal equilibrium time vs Grid spacing
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Thermal equilibrium time vs Time step
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Thermal equilibrium time vs Tolerance
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