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Part 1: Describe two numerical integration methods.

Euler's Method

Euler's method is a form of numerical integration which was first described by Leonhard Euler. Euler’s
method is used in a variety of fields to calculate quick and simple simulations. This method of
numerical integration works on a step-by-step basis updating both the velocity and position in each
iteration. The basic general formula for Euler's method given by freeCodeCamp is.

“Yier = yi + hf (xu ¥
where-
vi+1 is the next step to be calculated,
v; is the previously calculated step,
h is the time interval between the steps.[1]

This formula takes the current or initial value into account to calculate the next value. A common use
of Euler's method in the game development industry is to simulate the velocity of an object. To apply

the general equation to this we would use v = v + (ﬁ)m to find the velocity which is denoted by

v.[2] As shown in the previous equation Euler's method only takes one input, in this case v, this
makes it a first order integration method.

Euler's method is used for these simulations as it is one of the simpler integration methods to
implement. Euler's method also has very low computational costs which makes it very effective and
efficient for simulations that need to be run frequently [3].

Although Euler’s method is easy to implement and does not use up much computational power it is
never completely accurate. The error value produced is the difference between the actual solution and
the estimate that this method gives us. This error margin can also get less accurate the longer the
simulation is run, this is due to the fact that the previous result of the simulation is used in the
calculation. This gives us a compounding error value [2]. Because of the fact that Euler’'s method is
not completely accurate we need something to simulate objects and their physics more accurately. To
do this we use higher order methods like Verlet integration.

Verlet integration

As previously stated, Verlet integration is a second order integration method. This means that this
method uses both the current value and previous value into account to make the simulation more
stable and have a lower error margin. Verlet has many use cases in game development to simulate
different positions, such uses are cloth simulations, ragdoll physics and soft body dynamics [4]. Verlet
allows for more accurate results than Euler’s while still being fairly easy to implement. The formula to
get the position of a object using Verlet is given below:

“Position,., = 2*Position,— Position...+ Acceleration* de’ 5]

Since Verlet doesn’t explicitly calculate the velocity of the object during the integration it uses an
estimate. This estimate of the velocity can be derived from the method using the equation below:




“Velocity... = (Position, — Position...)/ dt”[5]

This formula uses the current and previous position divided by the time step it gives the velocity of the
object at that point in time. Since the Verlet method doesn’t calculate the velocity only estimates it
there has been another version of Verlet produced that does give the velocity. This method is called
Velocity Verlet, it is more commonly used within game development due to the fact that velocity isn’t
estimated but calculated, this makes the Verlet even more accurate. Below is the Velocity Verlet
equation.

Due to the fact that Verlet is to a higher order than Euler’s this method will always be more accurate,
however you can still get a more accurate simulation using an integration method with an even higher
order such as the Runge-Kutta method.

Another downside to Verlet is that without deriving or using Velocity Verlet it only produces the
position of the object being simulated. Which can come as a downside in some games where the
speed of the car may be displayed to the player, or the velocity needs to be altered in some way.

Velocity Verlet is a form of the Verlet method that explicitly calculates the velocity of the object not just
estimates. You can produce results for both position and velocity as well as acceleration. The formula
for these are below.

x (t+\Delta t) &=x(t) + v(t)\Delta t + \frac{l}{2}a(t)\Delta t"2
a(t+\Delta t) &= f(x(t+\Delta t))

vi{t+\Delta t) &= v(t) + “frac{l}{2}(a(t) + a(t+\Delta t))\Delta t [6]

Part 2 : Simulate the movement of a spring powered car.

Euler's method results

Below are the results of my simulation using Euler’s Method. All the graphs are
plotted with Time in seconds on the X axis.

Velocity

This graph depicts the acceleration of the spring powered car during this simulation.




Acceleration

This graph depicts the acceleration of the spring powered car during the simulation.

Di
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Tance

This graph shows the distance the spring powered car travelled.

Since Euler’'s method becomes less accurate with bigger timesteps, if we change the
timestep from 0.01s to 0.1s the simulation should theoretically get less accurate.




Velocity Acceleration

As you can see by these subsequent graphs the simulation still outputs similar
results however it is to a less accurate degree which is how it should behave.

Verlet Results

Below are the graphs of the results of the Verlet method. All of the graphs are
plotted against time in seconds on the X axis.

Velocity




Acceleration

Distance

As you can see by the graphs, the two methods produced similar results. In fact,
when looking at the raw data the time it took the cars to stop only varied by 0.01
second, with Verlet taking longer for the car to stop.







See the working code in the video below.




https://youtu.be/Tcld1ZiV5DU
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In the future be sure to label your screenshots as
figures and provide a description/caption for
each.
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