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Introduction to Integration

Integration is the reverse of differentiation. Students often find integration harder than differentiation – and usually it is!
Some of the little tricks and shortcuts we will see will hopefully make it a little easier, but as with all topics in mathematics, you must practice. The more examples you do, the easier it will become.
There are many uses and applications of integration, outside the scope of the notes. I always find the easiest way of introducing the topic is in relation to one of its main uses, and that is to find the area under a curve.
Consider the curve  :	y
	   B
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Say we want to find the area underneath this curve between the lines  and  (these lines are called ‘ordinates’). There are various ways of finding this shaded area approximately. For example, turning the area into a trapezium by joining A to B with a straight line.





However, using the formula for the area of a trapezium will not only give us the area we need, but will also give the little bit above the curve also, which we do not want, but it’s better than no area at all. To improve accuracy of this approximation, we  could split the shaded area up into several strips and hence turn each strip into its own trapezium, resulting in adding up the area of each to give the total area. This is what is known as the ‘trapezoidal rule’ or ‘trapezium rule’. It is okay as an approximation, but it doesn’t give a spot on value of the area. However it should be clear that the greater the number of strips we divide the area up into, the more accurate the evaluation of the area will be. This is essentially what integration is all about; the only difference being in order to get the exact answer for the area, we divide the area up into an infinite number of strips, these strips being very thin. Its width along the  axis is very small so we call it   , meaning a very small distance along the  axis, and its height will be along the  axis direction, which I will call .
We can think of this strip to be virtually rectangular in shape, so its area is . The total area involves adding together all of these small rectangles. Using sigma (summation) notation, we could say that:


When this theory was developed, the ‘sum of’ symbol was:

Notice the ‘S’ shape to indicate ‘sum’. In which case, the total area would be equal to:

2 and 4 are the values of  between which all of the strips are added together. These are called limits (4 is the upper limit, 2 is the lower limit). The  sign is called the ‘integral’ sign, and we have ended up with what is known as a definite integral. It is called that because when we work it out we will obtain a definite numerical answer, which corresponds to the area under the curve  between the limits at  and . 
Integrals are worked out by using tables of ‘standard integrals’ which are given in most mathematics books. The most important and frequently used standard integral is the one that shows us how to integrate a ‘power of ’.

Where  can be any number (except -1) and  is the ‘constant of integration’. Don’t worry about why  cannot equal -1, or why  must be in the answer. These albeit important things do not need to worry you at the moment, just accept them for the time being.
Let’s return to our problem of finding the area under the curve  between the ordinates at  and . We know that:

Remember that  is the height of the strips, which vary between the ordinate at  to the one at . But we do know that their height depends on where each strip is and each strip is under the curve . Hence, the area is:

Using the standard integral mentioned earlier, we can work this definite integral out:


Remember that these are called definite integrals, and they are worked out in the same way. Normally we firstly replace  by the upper limit, i.e. 4.
This gives:


Remember that  is some constant. So this above has some numerical value. Its significance is this; it is the area under the curve  between  and .
However, we just want the area between  and , i.e. we don’t want the bit under the curve between  and , and so we now do the same as we did before, this time replacing  by 2 (the lower limit):


Hence, by subtracting the area  from the area  we will get the area that we want.

Notice that the  cancels out, so we didn’t need to know what it was anyway! This means that whenever you work out a definite integral (one with limits), you do not need to introduce  at all.
In other words, if I was doing the question again, I’d write the above as:

Therefore the exact value of the area under the curve  between  and  is equal to   . I.e.   square units (it is an area after all).

This is a rather simplistic way of introducing integration, but it is all you really need. To summarise, these are the important bits:


- There are two types of integral: Definite (with limits) and Indefinite (without limits).

- A definite integral e.g.   has limits and has a definite numerical answer.

- An indefinite integral e.g.   does not have limits, and its answer must contain ‘’ at the end.

- They are, however, both worked out in the same way, by using a list of standard integrals.



Let’s do both:








When working out definite integrals, always work out the first bracket, get a numerical answer, then work out the second bracket, get a numerical answer, and then subtract them.
When working out integrals, always ensure that you have separate terms and that the terms are on the top. The following indefinite integrals indicate the most popular standard integrals, which with practice you should get to know.

Example 1    


Example 2  
Here you are allowed to take the 4 outside the integral sign, because it is a constant – it is the ’s you cannot take outside because they are what you are integrating. That is what the  is there for; to tell you to integrate the ’s.

Personally, I wouldn’t bother doing this:

I’d leave the 4 where it was, and integrate it straight away:



Always try and simplify your answer by cancelling down like I have done above if possible. It makes it easier if you subsequently have to put in limits.

Example 3    


Example 4   
The answer to this is  . Why? Because 6 can be thought of as , in which case the question is actually:




Unlike differentiation, when you integrate a constant, it does not go out!



Example 5   
Now you can see the significance of the  bit at the end ( in this case). Without that you couldn’t integrate. You would never see:

It is not an integral. Back to example 5, the  tells you that you are ‘integrating with respect to ’, and consequently, the answer is:


Example 6   
Remember that you must have separate terms before applying the standard integrals! Therefore we need to multiply this bracket out (useful to know your indices here!):

Therefore:



Example 7   
Bringing   up first:





Example 8   
We can write this as:





Example 9   
First we need to write this as  to a power:

If you aren’t comfortable with fractions, you can change the fraction to a decimal – it doesn’t make a difference.


With practice you will be able to leave it as a fraction:




Example 10   
Remember that before we integrate, we want to have separate terms. There are a few ways of doing this example, I’d do it by bringing the  to the top so it becomes  and will have the effect of multiplying the  on the top.


Remember that we cannot integrate  (i.e. ) by using the usual standard integral. There is another important standard integral that we must use: .
Therefore, integrating this example we get:



Example 11   
This is quite an easy example, but many students get it wrong. Yes, we will need to bring the  up to the top, but there is no need to bring the 4 up as well – leave it where it is!




Example 12   
For this one, we use the other standard integrals available to us.



Example 13   
Here we can see that we have limits, and we do not need to put a ‘plus C’ in our answer. Firstly, we must integrate:

Now putting in the limits:

Remember that when we have  in our question, it indicates that we are using radians, therefore we need to put our calculators into radians mode.



Example 14   



Example 15   

Try and remember that:


Example 16   


Example 17   
We can’t integrate this straight off, because we haven’t got separate terms. We need to multiply the bracket out first. Remember that the laws of indices governing the exponential function are the same as usual.



Example 18   
In a way, this example is similar to example 10 earlier.




By now you should be in a position to be trying lots and lots of examples.
Remember that I said at the beginning, integration is the reverse of differentiation. Well, we have a way of checking our integration answers.
Consider  .
We said that our answer is . To check this, all you need to do is differentiate your answer and you should end up with what is inside the integral in the first place, i.e. . Let’s try it.
Differentiate .
We get:

Which is:

Don’t worry about the ‘plus C’ part, as you probably can remember, that whenever you differentiate a constant, it goes out as zero.
Let’s try this again; consider .

Now differentiating our answer:
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