Advanced Stress & FEA
Theories of Elastic Failure

Task 1
When you are dealing with various components that will be used in different products, machines or even structures these materials have usually been tested to determine the product/materials characteristics and properties in order to see whether it will be suitable for its required application. During these tests to determine the products properties one of the most common types of tests that the component would be subject to would be a tensile test, here the value of stress at yield or fracture will be determined. Albeit some components depending on their application would normally be subject to several stresses at the same time. Due to this fact it is crucial to some way to be able to determine the components allowable working stress, this way it will help prevent operational failure. As a result, the different theories of elastic failure have been developed so that they may predict from the behaviour of materials in a simple tensile test when elastic failure will occur under any conditions of applied stress.
When looking to test the strength of a particular material you must first identify which type of material strength you are referring to first. When testing a materials strength, you will be looking at Tensile, compressive and shear stresses being applied to the material. Now as material property types can be either brittle or ductile Yield & Ultimate Tensile Strength need to be considered when dealing with ductile materials such as Aluminium, copper etc… When testing ductile materials if we consider a simple tensile test to be performed a dog bone will be used and a force is applied, and the material will begin to yield at a given section. We measure the force and extension and transform these to stress and strain (force to stress by dividing by cross-sectional area, extension to strain by dividing by original length). The resultant stress y-axis strain x-axis plot allows us to determine the UTS and yield stress. Now if we take a one-dimensional stress state there is one stress σ1 and the yielding of the material will take place when . As mentioned earlier depending on the component and its required application stress can be applied in multiple ways and in this example, we are only testing stress in one direction which is not practical for mechanisms or structures found in reality.  
When deciding on which failure theory would be best to use when testing a specific material or component it is important to note that it should be able to observe many test results in different loading conditions (otherwise known as empirical knowledge), and it should be able to explain microscopic mechanisms involved which also must relate to the previously mentioned observations. Through doing this you are then able to achieve a level assurance that the failure method chosen will work for that loading condition, but that it will also apply to other conditions that have not been exhaustively tested. It is important to note that when selecting a failure theory that it must be applicable to the material in question to achieve valid results. For example, it would not be possible to apply the same failure theory to a material such as cast iron and to a material like copper. The reason for this is that materials such as copper are more ductile and ductile failure usually normally occurs by shearing the material so a theory which is based around shear stress would need to be utilized, whereas if you were looking at a material like cast iron which is more brittle a failure theory such as the Maximum stress theory. 
When testing a materials elastic failure there are several different theories that have been developed over the years and the 5 main elastic failure theories are the following:
· Maximum Principal Stress theory
· Maximum Principal Strain theory
· Maximum Shear Stress theory
· Total Strain Per Unit Volume theory
· Shear Strain Energy Per Unit Volume theory
During this paper we will be discussing three of these theories below. 
Maximum Principal Strain Theory
This theory is generally applied to more brittle materials such as cast iron or glass. What this theory does is estimate that the failure of the material will manifest when the maximum strain within the system being tested is equal to that of the yield point. If it can be assumed that the yield strength in both tension and compression are equal, then the Maximum strain can be calculated as:

 = Modulus of elasticity can then be ignored, and the equation will become:

When performing this test on flat plate components which are being subjected to perpendicular tensions this theory can be contradicted by its results. The reason for this is as Poisson’s ratio effect of each tension reduces the strain in the perpendicular direction as a result the calculations would then indicate that failure of the component would occur at a higher load, but this is not in fact the case. 
Shear Strain Energy Per Unit Volume theory
It is known that the strain energy of a stressed component is able to be divided into volumetric strain energy and shear strain energy. Looking at theses two components volumetric strain energy is associated with volume change and produces no distortion, whereas shear strain energy does produce distortion of the elements undergoing stress. The Strain Energy Per Unit Volume theory which is also known as the Von Mises criteria or maximum octahedral shear stress theory, states that the failure of the component will occur when the maximum shear strain energy in the system becomes equal to that of the yield point. This can be shown through the following equation. 


This theory has become very well regarded as one of the most reliable failure theories when designing components, most notably when dealing with ductile type materials as it has acquired ample verification in its practice and is considered to be one of the best theories out of the main five elastic failure theories.  


Maximum Shear Stress theory
This theory which is most commonly used with ductile materials states that the failure of a material will occur when the maximum shear stress in the system equals that of the yield point in the tensile test. This can be calculated via the below expression:


In the above equation  being algebraically the smallest value, taking account of sign and the fact that one stress may be zero. This will produce an accurate relation with the experimental results particularly for ductile materials and is often used for ductile materials in machine design. The criterion is often referred to as the “Tresca” theory and is one of the widely used laws of plasticity. As this theory is really only applicable to ductile materials it can be modified so that it can be used for brittle materials also as per Mohr’s interpretation. 
History
The theories of elastic failure first originated under the name the “macroscopic theory of plastic flow” and as this is the interpretation of materials deformation by dislocation processes. In 1773 Charles Coulomb was working on the frictional yielding of soils when subject to shear and normal stress. This work was used in order to help explain the pressure of soils against retaining walls and footings which in 1853 physicist John Macquorn Rankine continued. It was found that the inelastic deformation of soils and rocks occurred when the mass was permeated by groundwater, and then in the 1920’s the concept of effective stress was then developed by Civil engineer Karl Terzaghi. Here this concept of “effective stress” states that the stresses that enter a yielding criterion are not the total stresses applied to the mass, but rather the effective stresses which are the difference between the total stresses and those of a purely hydrostatic stress state with pressure equal to that in the pore fluid.
The theories of plasticity in metallic materials had not truly started until 1864 with Henri Edouard Tresca. It was through his experiments in compression and indentation in metals that then led him to propose that this type of plasticity was separate of the average normal stress in the material and was reliant on shear stresses. It was then that Tresca went on to propose the Maximum Shear Stress Criterion in materials, and this theory was then used by Saint Venant to solve for the stresses in a completely plastic tube under pressure. Various work was then furthered on the theories of plasticity and in 1913 a mathematician named Richard Von Mises proposed a simpler mathematical theory of plasticity than that based on the earlier work of Tresca’s criterion. Here Von Mises theory proposes that the plastic strain increment tensor is in proportion to one another just as are the components of deviatoric stress, which was proposed by M. Levy in 1871. It was found that this theory was found to be more accurate than the work of Tresca’s and as such most of the work done with plasticity now uses this theory. Then from a suggestion in 1930 from Prandtl, E. Reuss the theory was then completed by adding in a component of strain increments, which was then later generalized to include strain hardening. 



Task 2
As part of this task, I have been asked to select a component made from a material of my choice and then discuss which of the theories of elastic failure would be best suited to developing this component. I have decided to look at cycle bike frame made from aluminium. The reason as to why I have chosen Aluminium as the material for the bicycle frame is because due to its advantages over standard steel bike frames such as weight, resistance to rust and durability it has become the most used frame types and has become very popular among riders. Now determining what type of elastic failure theory should be used in order to develop this component, as discussed in the previous task would hugely depend on the material being used as to whether its properties are ductile of if it is brittle. As previously mentioned, failure theories relating to ductile materials will not be applicable to brittle materials and vice versa as they will not give an accurate result.  As we know Aluminium is a ductile type material this means that the atomic bonds within Aluminium are weak enough so that dislocations can easily break bonds and reform bonds during motion. As long as the dislocations move the material deform plastically.
Now that we know that Aluminium is a ductile material, we are now able to determine which of the failure theories will be more applicable in the development of an aluminium bike frame. As we have previously discussed it is known that ductile materials tend to fail when under shear stress, which would mean that either Tresca’s Maximum Shear Stress theory or Von Mises Shear Strain Energy Per Unit Volume theory would be best suited for testing this component. The design and development of a component should be based on the components/materials weakest strength and as both Von Mises and Tresca’s theories revolve around shear stress that would make them the most suitable for ductile materials. Now both these theories focus on shear stress failure but go about it in different ways. If we look at the Tresca theory this states that the failure of the material will occur when the maximum shear stress in that material due to any loading exceeds the maximum shear stress in that material due to 1 dimensional loading in tension/ compression in that member. The Von Mises theory states that the failure of the material will occur when occurs when the maximum shear strain energy component in the complex stress system is equal to that at the yield point in the tensile test. The main difference between the two theories is that Von Mises theory calculates the failure of a material by representing a critical value of the distortional energy stored in the isotropic material, whereas the Tresca theory does this by stating a critical value of the maximum shear stress in the isotropic material.
As to what results they both produce if we look at the Orthogonal space “S” which is defined by the principal stress vectors the yield surfaces for the Tresca yield criterion and the von Mises yield criterion in plane stress are shown below:
[image: ]

As we can see the yield surface produced from the Tresca theory produces an irregular hexagon and the Von Mises theory an ellipse. The ratio of the length of the major and minor axes of this ellipse is . This can be calculated by the following:
“In the quadrant where σ1>0 and σ2>0, the Tresca yield surface is a square.
To see this, first suppose σ1>σ2 for example. Since σ3<σ2, yield occurs on the Tresca criterion when
σ1−σ3=Y
i.e., for σ1=Y because σ3=0. When σ1=σ2, yield occurs at σ1=σ2=Y. Similarly, for  σ1<σ2 in this quadrant, yield occurs when σ2=Y.
The shape of the Tresca yield surface in the quadrant where σ1>0 and σ2<0 is a straight line because the third principal stress σ3 will be the intermediate principal stress. Hence in this quadrant the yield criterion becomes
|σ1−σ2|=Y
whence the straight line linking (-1,0) to (0,1) in the diagram. The shape of the Tresca yield surface in the remaining two quadrants follows similarly.
For plane stress the von Mises yield criterion becomes

which for Y = 1 becomes

i.e., 

Thus the yield surface for plane stress passes through (1,0), (1,1) (0,1) (-1,0) (-1,-1), and (0,-1). It also passes through the points

as can be seen by direct substitution in the yield condition for σ1=−σ2.
The directions
”
Reference: (Cambridge, n.d.)

Tresca’s Maximum Shear Stress theory is more conservative than that of Von Mises Shear Strain Energy Per Unit Volume theory since the hexagon representing the shear stress theory is enclosed within the ellipse representing the von Mises stress theory. Torsion tests that have been developed pure shear have shown that the results that the Von Mises theory give a more accurate result than that of Tresca’s. What we tend to find is that the Tresca theory tends to build in an extra factor of safety into the product/materials development, which is good from a safety standpoint but can lead to slightly uneconomical designs due to the engineer taking unnecessary measures to prevent an unlikely failure. 
Based on these facts I think as to which failure theory the engineer should use when developing a component would depend on the component’s application whether the situation calls for a more economical design or whether safety is a major factor. In this instance where a bicycle frame would be used by a person where if the operator were using the bike when it failed could lead to serious or fatal injury say if they were downhill biking for instance. So as a result here where safety would be a serious factor Tresca’s Maximum Shear Stress theory should be used in order to develop a bicycle frame made from aluminium. 





















Task 3
Introduction
The research paper that will be discussed in this task is “Creep Analysis in Functionally Graded Rotating Disc Using Tresca Criterion and Comparison with Von-Mises Criterion” published by K. Khanna, V. K. Gupta and S. P.Nigam (Anon., 2017). In this article a mathematical model has been developed in order to analyse the state creep stresses and strain rates in a variable thickness rotating FGM disc. The results from this analysis are produced via Tresca’s criterion and are then compared with those estimated using Von Mises criterion. This is a very similar discussion as had in task 2 of this assignment and will be interesting to see the results of the two methods compared and what conclusions are drawn from these results. 
Summary
The articles introduction starts out by giving examples of where rotating discs are commonly used in engineering applications outlining that they are used in various turbines, generators, automotive brakes, ship propellers etc… As mentioned in the article these applications would subject the disc to some very intense loadings and thermal conditions and as such makes these discs vulnerable to creep. To help prevent this from occurring instead of the discs being made from pure metals new composite materials have been developed such as carbon-epoxy composite or Functionally Graded Material (FGM). It has also been observed the stresses present in a variable thickness rotating disc are noticeably lower than that of a uniform thickness. Utilizing Von Mises theory and Sherby’s creep law it was found that FGM disc develop lower creep than that of discs having uniform distribution of reinforcement. It is noted that Tresca’s criterion could be used in order to deal with more complex which include imposed displacements, thermal effects, acceleration effects etc… Following this it was found that the analysis based on Von Mises numerical method were not as accurate than the results produced from Tresca’s criterion, and in this light a steady state creep analysis in a variable thickness rotating FGM disc was performed comparing the results of Tresca’s Yield criterion and Von Mises Yield Criterion. 


The study utilizes a disc made of Al-SiCp operating under the following conditions:
[image: ]
The disc tested in this study is assumed to experience steady state creep according to the threshold stress law stated as:


The analysis of the article assumes that the material the disc is made from is incompressible and that the disc in question is subject to steady state of stress. The discs thickness is small when compared to its overall diameter and as such a plane stress condition has been assumed so the axial stress in the disc is equal to 0. Also, any elastic deformations that occurred within the disc being small have been ignored as compared to creep deformations.
Results/Conclusions
After performing the analysis as expected the results produced from the Tresca’s criterion differ slightly than that produced from Von Mises criterion which has previously been discussed in task 2. During this analysis it was found using Tresca’s criterion that the stresses in the disc were at their maximum at the inner radius, whereas when Von Mises theory was utilised the maximum stress was shown to be at a radius of 51.9mm. It is found that both theories estimate lower tangential stress at different points of the radii. 
[image: ]
Overall its found that the stresses in the disc calculated via Tresca’s criterion are slightly higher than calculated using Von Mises criterion and the maximum difference between the two theories was observed at the inner radius s mentioned. These results match up with the previous discussion had in task 2 deciding which theory would be better suited when developing a particular component. As stated earlier for the development of an Aluminium bike frame It was decided that the Tresca criterion would be the best theory to use as it builds in an extra factor of safety. This article also comes to the same conclusion stating, “The study highlights that the use of Tresca criterion in designing a variable thickness rotating FGM disc, undergoing steady state creep, yields a much safer design than predicted by using Von-Mises criterion.” Again, as to which method would be best for developing components will vary which the main factors determining this would be the design requirements and the other being its application, and based from this article seems to agree on this. Where components such as Aluminium bike frames and rotating discs put a high value on safety due to failure meaning a high risk of injury etc… Tresca’s theory would be best suited, but where designs require a more streamlined and economic design and safety is not a major factor Von Mises theory would be a better decision. 
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Table 2: Operating conditions, disc dimensions and creep parameters used for validation
Disc Dimensions:

Operating Conditions:

Inner radius (@) = 31.75 mm Operating temperature = 810.78 K
Outer radius (b) = 152.4 mm Disc speed = 15,000 rpm

Disc thickness () = 25.4 mm

Creep duration = 180 hrs

Properties of Steel H

Creep parameter (M) = 2.0408 x 10 57 */MPa Density (p) = 7.823.18 kg/m’
Threshold stress (65) = 37.178 MPa Stress exponent (1) = 5





