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[bookmark: _Toc507667110]Hill Climbing Search
[bookmark: _Toc507667111]Description
The hill climbing search algorithm takes a node in a state machine and evaluates its objective function value against those of its immediate neighbours. [1] The neighbour with the best heuristic value is selected for evaluation, with the process iteratively called until it reaches a “peak”. If the search process is visualised using a state-space landscape (see Figure 1), a “peak” would represent a maximum state, which has a better heuristic value than its immediate neighbours.
[image: ] 
Figure 1: A state-space landscape measuring state space against objective function [1]
A simple implementation of the hill-climbing algorithm functions as follows:
1. Evaluate the initial state. 
1.1.  If it is a goal state, then stop the function and return.
1.2.  Otherwise, set the initial state as the current state.
2. Repeat while a solution has not been found and there are still better neighbouring states.
2.1.  Evaluate each of the neighbouring states, and make note of which one has the best heuristic value.
2.2.  If the best value is better than that of the current node, then set the state that returned the value to be the current one.
2.3.  If there are multiple states returning the best value, one of these will be randomly selected to be the new current state.
3. Return function.
This is a quintessential local search method, in that only a single node and its neighbours are evaluated, and no record is kept of the path taken by the algorithm during the traversal process. [1] An advantage of using the hill climbing method is that it requires very little memory storage in comparison with systematic methods, which makes this algorithm particularly useful in applications where the traversal path does not contribute to the solution.
[bookmark: _Toc507667112]Shortcomings and Improvements
There are three key scenarios where the function will not be able to find the optimal state. The first of these is when it reaches a peak that returns a better function solution than its neighbours but still falls short of a global optimum. This is known as a “local maximum”. [1] The hill climbing algorithm will not attempt to move to any of the worse states, and so will terminate here. 
Another such scenario will be “ridges”, which are a special type of local maximum that is located on a slope. [1] Figure 2 shows how a ridge might appear in a state-space landscape. A number of nodes might be located on the ridge, all of which point downwards to worse values, but not upwards along the ridge to a better one. The hill climbing algorithm will assume any one of these states to be a peak, and will stop functioning here.
[image: ]
Figure 2: A ridge in a state-space landscape [2]
Both of these problems can be circumvented by allowing the algorithm to choose a state with a worse heuristic value if a better one cannot be accessed from the current state. However, once such a move has been taken, the function will not recognise the better state as being a local maximum, so it will be inclined to move back to where it was previously. This can be resolved by blocking the direction of the previous state from the list of possible moves if it returns a better heuristic cost.
The last example of hill climbing problems that needs to be discussed is the plateau, where the best function value returned by any of a state’s neighbouring nodes is the same as that of the central node. [1] This is represented as a flat horizontal line in the state-space landscape, and can either take the form of a flat local maximum or a shoulder, the latter from which a better state can be reached given enough traversal using a sideways move. 
However, there is no method of knowing which type of plateau has been reached when traditional local search techniques are being used. It could take a large number of moves to find the end of the plateau, and it might not even lead in the direction of the optimal solution. A solution to this could be to limit the sideways moves allowed to a fixed number, after which the algorithm is restarted in a randomly-selected state away from the previous location. A search with a probability of success equal to ‘p’ will require 1/p restarts in order to find a successful solution. [1]
[bookmark: _Toc507667113]Demonstrated Solution
The hill climbing algorithm can be applied to solve any problem where pure optimisation (finding the best solution regardless of path) is the main goal. One such example is the 8-tile problem, which consists of a 3 x 3 grid of tiles, 8 of which are given a number between 1 and 8, with the remainder left blank. [3] The optimal solution places the blank tile in the top-left corner, with the numbered tiles placed in ascending order reading rightwards and downwards, like in Figure 3. 
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Figure 3: The optimal solution for the 8-tile problem
The blank tile can be moved by one cell in any of the four horizontal or vertical directions, with the chosen direction determined using a heuristic function h(). The value of h() in any given state will be determined by counting the numbered tiles whose locations do not match their equivalents in the optimal solution. The blank tile will be incremented in the direction of the state with the smallest h() value.
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Current h() value: 5
Top h() value: 6
Left h() value: 5
Down h() value: 4
The initial state returns a h() value of 5, which means that there are 5 numbered tiles out of place. Moving the blank tile upwards returns a worse value because the 2 tile is already in an ideal location. Moving it to the left returns the same h() value. Moving down, however, would return a better value, since the number 5 will be in an optimal location. This shall be the first move of the problem.
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Current h() value: 4
Top h() value: 5 
Left h() value: 3
A top move will return the problem to its initial state, so this will be a futile gesture. The only other possible move, leftwards, returns a better value than the current state, so it would only make sense to make a move in that direction.
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Current h() value: 3
Top h() value: 2
Left h() value: 4
Right h() value: 4
Shifting the blank tile either to the left or the right would move the 6 or the 8 out of their optimal positions, increasing the h() value by one. Moving upwards would secure 7 into its optimal location, and reduce the value by one.
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Current h() value: 2
Top h() value: 1
Bottom h() value: 3 
Left h() value: 3
Right h() value: 3 
Moving the blank tile in any direction other than upwards would remove the number tile placed in that direction from its ideal location. Moving upwards brings the problem closer to its optimal solution.
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Current h() value: 1
Bottom h() value: 2
Left h() value: 0
Moving the 1 tile to its right would result in the optimal solution.
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Current h() value: 0
The function has climbed to its peak. From a hypothetically large number of possible states, the hill climbing function found the optimal solution in just 5. It did not take much time to find a solution manually, so an automated implementation of the algorithm built using code may find the global maximum in even less time, depending on the complexity of the initial problem. From this, the author thinks that the hill climbing algorithm would be useful in finding a solution to a pure optimisation problem such as this. 
The initial state will also need to be tested to ensure that it can be solved; this can be achieved by counting the number of inversions. [4] If the order of any given pair of tiles in the initial state is the reverse of that in the optimal solution, that counts as an inversion. For example, there are 6 inversions in the initial problem state: (4, 2), (4, 3), (7, 6), (7, 5), (6, 5), (8, 5). By contrast, there are 0 inversions in the goal state. The parity of inversions will remain the same regardless of the number of inverted pairs, therefore only initial problems with an even number of inversions will yield an optimal solution.








[bookmark: _Toc507667114]A* Search
[bookmark: _Toc507667115]Description
The A* search algorithm is a popular best-first search method, a class of methods which determines the traversed path along a tree or graph structure using an evaluation function. [5] In this case, the sum of the traversal costs between the initial state and the current node and the optimal solution and the current node is found for each neighbouring node, and added to an open list. The node with the smallest cost is selected for further evaluation. A* was initially proposed as an extension of Dijkstra’s algorithm, [6] with a heuristic value from a node to the target state included as a method of reducing the size of the subgraph that needed to be explored to find a solution.
A typical A* search will execute as follows:
1. Initialise the open list, placing the initial state node in it.
2. Initialise the closed list.
3. While the open list is not empty:
3.1. Select the node which returns the smallest evaluation function.
3.2. Remove the selected node from the open list.
3.3. Evaluate the immediate neighbours of the selected node.
3.3.1. The g() function is that of the current node plus the distance between the current and selected nodes.
3.3.2. The h() function is the estimated distance between the goal and the selected node.
3.3.3. The f() function is the sum of the g() and h() functions.
3.3.4. If the selected node is the goal, then the search terminates.
3.3.5. If the selected node is already in the open list with a smaller f() evaluation, skip it.
3.3.6. If the selected node is already in the closed list with a smaller f() evaluation, skip it.
3.3.7. Otherwise, add the selected node to the open list.
3.4. Add the current node to the closed list.
The A* search will return a complete and optimal path, given that the heuristic evaluation used is both admissible (i.e. the cost of reaching the optimal solution is never overestimated) and consistent (i.e. the estimated distance between a node and the goal is not larger than the sum of the distance between a successor and the goal plus the step cost; this only applies to graph search functions). [1] Two examples of admissible heuristic functions that can be applied to the 8-tiles problem are the Hamming distance and the Manhattan distance. The former simply counts the number of misplaced tiles; this has already been applied to the hill-climbing solution. [7] The latter is the sum of the distances between each tile and its ideal position in any given state. [8] The former method will be used in the A* implementation to ensure that a fair comparison can be made to hill-climbing.
One potential drawback of implementing the A* search is the large amount of time and memory that could be utilised in pursuit of the solution. These can be avoided by introducing a limit on the number of states that can be included in the open list. If this exceeds a certain number, then a random restart of the search will occur, much like with hill climbing.















[bookmark: _Toc507667116]Implementation and Comparison
Both of the algorithms described above have been implemented to automatically find the global maximum state for a solvable 8-tile problem at the request of a player. If the hill climbing search reaches a local maximum, it allows for a worse state to be chosen in the next iteration, blocking the direction of the maximum so that it does not climb back up. A random restart is also performed if 2000 steps have been taken without the solution being found. The A* search imposes similar limits; if the number of states on the open list exceeds 2000, then both that and the closed list are cleared, and a random restart is performed.
	Search Method
	Avg. Time to Find a Solution (seconds)
	Avg. Number of Steps
	Avg. Max. Memory Usage (kilobytes) 

	Hill Climbing
	20.37
	14,652
	900

	A*
	85.51
	14,680
	1,600


Table 1: Comparison of hill climbing and A* searches applied to the 8-tile problem
[bookmark: _GoBack]Table 1 shows a comparison between the implementations in terms of the time taken to automatically find a solution, the average number of steps required, and the amount of random access memory used. The average number of steps taken by the hill climbing algorithm is calculated by multiplying the number of restarts utilised by 2000, and then adding the number of steps taken to find the global maximum onto that figure. For A*, a move is counted for every state on the open list that gets chosen for further examination, with the counter carrying over across the restarts. The A* search takes more than quadruple the time to find the solution as hill climbing. The average number of steps taken to find a solution is roughly equal to 14,700 for both implementations, but with A* there is a large amount of variance. During testing, some searches would find the solution in seconds using a few thousand moves, but there were a few that took several minutes to solve their problem. The amount of random access memory used by hill climbing remains at 900 kilobytes throughout the execution, but for A* this climbed up to 1600 kilobytes, and would have gone up even higher had the size of the open list not been capped. Based upon these results, the A* search algorithm is stochastic with regards to a timely delivery of the solution to an 8-tile problem, and should only be used if the player is interested in finding the optimal path between the initial state and the global maximum. Hill climbing has its own issues, but these can be easily resolved by allowing random restarts and worse moves when necessary, with the solution found within a minute almost all of the time.
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