Maths
Lecture 13
(Differentiation)



Finding the gradient at a general point

Consider the graph of y(x) = x2, Let point A be any point with coordinates
(a, a2).

Let point B be a second point with x coordinate (a + h), y coordinate at B
IS (a + h)2

YA

B(a+h, (a+h)%)




_ 2_ 2 2 2_ 2
f(B)—f(A) _ (a+h)“—a _a +2ha+h“—a —2a+h

Therefore the gradient= H n

This is the gradient of the line AB. As we let B move closer to A the value of h
gets smaller and smaller and eventually tends to zero. We write this as h - 0.

The gradient of y = x? is called the derivative of y with respect to x. It has other
names too including the rate of change of y with respect to x.

The derivative of y(x) is written j—y or y'(x) or simply ¢/
T



Differentiating x to the power of something

1) If y =x", dy/dx = nx"!
2) If y = kx", dy/dx = nkx"'(where k is a constant- in other words a number)

Therefore to differentiate x to the power of something you bring the power
down to in front of the x, and then reduce the power by one.

Examples

Ify = x4, dy/dx =4x3

If y =2x4, dy/dx = 8x3

Ify = x>+ 2x3, dy/dx = 5x* - 6x°*



Function Derivative

1 1 constant 0
Table of derivatives :
kx k
_ _ " nz™ 1
The table lists some of the common functions b ko]
used in engineering and their corresponding T &2
derivatives. ek kere
Inx 1/x
In kz 1/x
The function in the right-hand column gives Sfﬂ{_ _EDS{_
_ sin kx kcos kx
the rate of change., or the gradient of the sin(kz + ¢) | kcos(kz + c)
graph, of the function on the left at a COS T —sinw
particular value of x. cos ki —k sin kx
cos(kxz +¢) | —ksin(kz + ¢)
tanx se-::?u_f:
tan kx k sec? kx

tan(kz +¢) | k sec‘?{k;ﬂ +¢)




Example

Use Table 1 to find ? when y is given by (a) 7z (b) 14 (c) 522 (d) 4x°
I

Solution
d
(a) We note that 7z is of the form kz where &k = 7. Using Table 1 we then have d—y =T.
£L
(b) Noting that 14 is a constant we see that ? = 0.
£

(c) We see that 5z is of the form kz", with k =5 and n = 2. The derivative, knaz""!, is then

d
10z, or more simply, 10x. So if y = 5z, then d_y = 10z.
£
d
(d) We see that 47" is of the form kz™, with kK = 4 and n = 7. Hence the derivative, _y' is
£

given by 28z°.



Example

d
Use Table 1 to find _y when y is  (a) (b) —

dx €T
Answer

(a) Write \/x as %, and use the result for differentiating ™ with n = 7

d 1 1 1
9 _ el = Z237 1 = 473 This may be written as .
2\/x

dr 9 9

(b) Write kil as 5o —3 and use the result for differentiating kz™ with & =5 and n = —3.

3

5(=3)z 31 = —15z—4



Example

Use Table 1 to find

d d d
(a) d_j given z = et (b) d_p given p = e (r_‘) ® given z = =3
Answer
From Table 1, if y = €%, then — dy _ . Hence if z = €* then dz = e’
dz dt
P _ g st
i Se
dz
= _—3e %

dy



Exercise

d
Find the derivative, —y, when y is
dx
Answer
dy
— =32 2
d:{; COS 4.0
dy 1. «x
E = 2 =111 2
d
el = Hsec? bz

(a) sin2z (b) cnsg (c) tan bz



Exercises
Find the derivatives of the following functions with respect to x:
(a) 922 (b) 5 (c) 623 (d) —13z4
Answers

(a) 18z (b) 0 (c) 18z (d) —52z*

Find the derivative of each of the following with respect to the appropriate variable:

(a) sinbz (b) cos4dt (c) tan3r (d) o2v (e) %

Answers

(a) 5cosbz  (b) —4sindt (c) 3sec?3r (d) 2e** (e) —3e



Extending the table of derivatives

The first two rules are for differentiating sums or differences of functions.

Rule 1: The derivative of f(z)+ g(x) is 4 + —
dx di,

_ . - - df dg

Rule 2: The derivative of f(x) — g(x) is T 1o




Example

Find the derivative of y = 2% 4 z%.

Answer

We simply calculate the sum of the derivatives of each separate function:



Example

Find the derivative of y = 8¢e?*

Answer

Here we are interested in differentiating a multiple of the function €?*. We differentiate e%*, giving
2e2* and multiply the result by 8. Thus
dy

- = 8 x 2e%* = 16e**



Example

Find the derivative of y = 6sin2x + 32° — 5¢*7

Solution

We differentiate each part of the function in turn.
y = 6sin2z + 32° — 5’7
—~Z = 6(2cos2z) + 3(27) — 5(3e*)
= 12cos2z + 6z — 15



Exercise

d p
Find —y where y = 4::05% + 17 — 92°.

dx
Answer
First find the derivative of 4 cos %: 4(—5 sin %) — 9 5111%

Then find the derivative of —923 : 3(—9z%) = —27z?

- ) ---_‘ :Ll-
Finally state the derivative of y = 4::[:5% +17 — 923: —2sin 5~ 271>



Evaluating a derivative

Find the value of the derivative of y = z* where = = 2. Interpret your result.

Answer

d
We have y = 23 and so Y _ 342

dx
=9 W _ 39— s, Wioy = - (2) =
When = = 2, 2= 3(2)° = 12, that s, y (2) = 12 (Equivalently, ¢/(2) = 12).
T T

The derivative is positive when z = 2 and so y is increasing at this point. When z = 2, y is
increasing at a rate of 12 vertical units per horizontal unit.



Differentiating a product

In this Section we consider how to differentiate non-standard functions - in particular
the function that are a product of standard functions.

dy

df d
fy=f)oe) then L =Tow)t i@ (or v=rg+fd)

dy dv du
If =u.v then 2+ =u— — or vy = uv’ !
Y = u.v - 1sd$—|—vd$ (or ¥ = uv' 4+ vu')

These versions are equivalent, and called the product rule.




Example

Differentiate (a) y = z%sinx (b) y=axnz
Solution
(a) Here f(x) =2, g(x) =sinx % = 2x , g = COS T
dy 5 N2 N g
and so = 2z(sinx) + x°(cosz) = z(2sinx + x cosx)
T
(b) Here f(z) =z, g(x) =Inxz %:1, j—i:%

d 1
and so 49 _ l.(Inxz) + =. (—) =lnzr+1

£IL £



Example

EQ.T

Determine the derivatives of the following functions (a)y =e*lnz, (b)y = —
.

Answer
d Ir
Y Inz + -
d X
dy 26‘21‘

_ (—QLE_S)EEE _I_:E—E(QEEI) _

3 (—1+ x)

dx



Exercise

In each case find the derivative of the function

(a) y=xztanx
(b) y = z*1In(2x)
(c) y =sin’z

(d) y = e** cos3x



Answer

d
(a) i — tanz L xrsec?

dy 9 - 9
(b) o= 4z In(2x) + =z (4In(2z) + 1)

(c) y=sinz.sinx

d
d_y = COSISINT + SNz coss = 28N COS T = SIN 2
-
d
(d) 49 _ (2€27) cos 3z + €?*(—3 sin 3x) = €?*(2 cos 3z — 3 sin 3x)



Differentiating a quotient

In this Section we consider functions of the form y = % To find the derivative of such a function
g\xr
we make use of the following Key Point:
df  dg
- d Q(J)f—ﬁf() ' o
If y= /() then i dx dglL (or o = qf QQ f}
g(x) dx l9()] g
du dv
u dy g T dp . vu' —v'u
If y=— th —= = GL L =
y=- en . 3 (or y - )




Example

Find the derivative of y = Ine
.

Solution

Here f(z) =Inx and g(x) ==

df 1 dg
— = — d —=1
dx T an dx

1

JL(— — 1I(Inx) -
Hence @ _ T _ 1l —Inx

dx ]2 T2




Example

L

. o In :
Find the derivative of y = iy
"
Solution
Here f(z) =Inxz and g(z) =«
df 1 dg
— = — d =1
dx T an dr
1
T (j — 1(lnx) B
Hence dy — "{' _ 1l —Inz

dz [ JL] 2 2



Exercise

Obtain the derivative of y = 5— (a) using the formula for differentiating a
£
product and (b) using the formula for differentiating a quotient.

Answer
: 9 . . dy
(a) Write y = @~ “sin « then use the product rule to find o
£
. dy _ dy —2sinx+ rcosx
—2 : -3 c =2 :
=T “sSInT . — = (—2z77)sinz +x “cosw — =
: . . dy
(b) Now use the quotient rule instead to find 7
T
sin @ ‘ dy z?*(cosx) — (2x)sinz  xcosx — 2sinx

I = T2 " dr (2])? - 3



The Chain Rule

This rule can be used to obtain the derivatives of functions such as ex¢*3* (the
exponential function of a polynomial); sin(In x) (the sine function of the natural
logarithm function.

When we use a function like sin (2x) or e ™ we are in fact dealing with a
composite function or function of a function.



Example

Specify the functions f. ¢ for the composite functions
(a) sin2x (b) Va2+1 (c) en@

Solution

(a) Here f is the sine function and ¢ is the polynomial 22. We often write:
f(g) =sing and g(x) =2x

(b) Here f(g) = /g and g(x) = 2% + 1
(c) Here f(g) =¢9 and g(x) = Inx



The Chain Rule

The Chain Rule

It y = f(g(x)), that is, a function of a function, then

dy df g dg
de dg = dx

This is called the chain rule.




Example

Find the derivatives of the following composite functions using the chain rule and
check the result using other methods

(a) (222 —1)*  (b) Ine”
Solution

(a) Here y = f(g(z)) where f(g) = ¢* and g(x) = 22* — 1. Thus

df dg dy
— = —— =Adx — =

—9 d _ : _
dg I an dx . dx

2¢.(4z) = 2(22* — 1)(42) = S8z (22* — 1)

(b) Here y = f(g(z)) where f(g) =Ing and g(x) = e*. Thus
a1 Q. iy

1 1
= — and — ¢ L =—.ef=—."=1
dg g dx dr g e’



Power functions

flg) =g"*

d; df d d
Thus, using the chain rule: if y = [g(2)]* then d—ij = di; : df = kgk_l(?i'




Example

Find the derivatives of the following power functions
() y=sin’z  (b) y=(2*+1D*  (c) y=(¥)

Answer

dy . 2 . . -2

i 3(sinx)” cos z which we would normally write as 3sin“ z cos x
dy 1, , @

2 = (2?2 + 1) V?222 =

dx 2( ) V241

dy

d_ _ 7(€3$)6(3€3$) _ 21(€3$)7 _ 21621$



Exercise

Obtain the derivatives of the following functions:

(a) (giJr 1) (b) tan(3z?* + 2x) (c) sin*(322 — 1)

Answer
20(22 4 1)3
(a) — Bz 1) (b) 2(3x + 1) sec?(3x2 + 2x)

(c) 62 sin(62% — 2) (remember sin 22 = 2 sin x cos 1)



MATLAB



Differentiate function

Example

Use Table 1 to find
dz . dp dz

— given z = et (b) — given p = ¥ (c) — given z = e
syms X
diff (exp (x))

diff (exp (8*x))
diff (exp (-3*x))




>> Diff
ans =

exp(x)

ans =
8*exp(8*x)

ans =
-3*exp(-3*x)




Example

In each case find the derivative of the function

(a) y = xtanx Dt Y1=diff (x*tan (x))

(b) y = 2*In(2x) Dt Y2=diff (x"4*1log(2*x))

- 42 .
(c) y=sin"z Dt Y3=diff ((sin(x))"2)

d = EQ CDSBLE .
( ) (4
Dt Y4=diff (exp (2*x)*cos (3*x))



>> Dt_Y2=diff(x*4*log(2*x))

Dt Y2 =
(a) d_y — tanz 4 zsec? 4*x"3*log(2*x) + x3
-
dy \ 4 \ >> Dt_Y2=diff(x*4*log(2*x))
(b) = Az° In(2z) + — =z (4In(2z) + 1) Dt Y2 =
kyANQ*k * N
(c) y=sinz.sinxz 47x"3%log(2%x) +x"3
d
f = COSZSINT + SIn & cosT = 2SIN &L COS T = SIn 2T Dt_Y3=diff((sin(x))"2)
; + Dt_Y3 =
(d) d_y = (QEQI) cos 3x + 521’(—3 sin3z) = 621’(2 cos 3z — 3sin 3x) 2*cos(x)*sin(x)
T

>> Dt_Y4=diff(exp(2*x)*cos(3*x))
Dt Y4 =
2*cos(3*x)*exp(2*x) - 3*sin(3*x)*exp(2*x)



Exercise

Obtain the derivatives of the following functions:

(a) (?Q)iJr 1) (b) tan(3z* + 2x) (c) sin*(322 — 1)

Answer
20(2x + 1)°
(a) — Bz 1) (b) 2(3x + 1) sec?(3x2 + 2x)

(c) 62 sin(62% — 2) (remember sin 22 = 2 sin z cos x)



