Linea Velocity and Acceleration
‘Equations of Motion’

Linea Velocity maybe defined as ‘the rate of change of distance (or displacement) with time’. Velocity differs from the more general term ‘speed’ in that velocity accounts for a direction of motion as well as having magnitude hence it is a vector quantity.  ‘Speed’ defines only magnitude hence it is a scalar quantity.
Linear Acceleration may similarly be defined as ‘the rate of change of velocity with time’.  Like velocity acceleration is a vector quantity.
The SI ‘base units’ of velocity and acceleration are respectively:
Velocity – m/s or ms-1, commonly represented by symbols u and v.
Acceleraation – m/s2 or ms-2, commonly represented by symbol a.

Velocity/ Time Graphs with Uniform ( Constant) Acceleration
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Figure 1.




Provided that the acceleration is uniform (constant), the velocity increases linearly as a straight line graph as in Figure 1.  Given the definition ‘acceleration is the change in velocity with respect to time’, and that for motions of this kind, u represents the velocity at time t=0 (‘the beginning’), and v represents the velocity after a time lapse t, referring to the graph we get the following formula:


However with the equation rearranged to the customary  layout of y = mx + c  then the equation of motion would be:

………………………………….(1)
Where a is the gradient of the line, representing the uniform acceleration.
‘Distance Travelled’ (‘Displacement’), denoted by s
Because the velocity increases uniformly, the average or mean velocity can be accurately determined from the area under the velocity –time plotted graph which has the shape of a trapezium.

………………………………….(2)
If we substitute for v from equation (1), we could get:





……………………………………….(3)

Finally to complete the set of the Equations of Motion (for uniform acceleration), we may combine equation (1) and equation (2) to eliminate ‘t’ from the formula:

From (1):	, therefore substituting for t into equation (2):


Simplifies to:


Giving


Or:

………………………………..(4)
Giving the equations of motion:








Rotary (Angular) Motion: Angular Velocity and Angular Acceleration
‘Equations of Motion’
When considering rotary (angular) motion with uniform (constant) angular acceleration, the analysis is very similar to that with linear motion.  Such considerations apply when considering ‘bodies’ rotating about a centre, as with a wheel rotating in Figure 2:
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Figure 2

An angular velocity/ time graph maybe similarly shown, with uniform (constant) angular acceleration.
The following graph and analysis is very similar to that for linear motion, as considered.
Angular Velocity/Time Graph with Uniform (Constant) Angular Acceleration
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Figure 3.
Where:
ω1 =initial angular velocity, with units radian per second (rad/s),
ω2 = final angular velocity, with units rad/s,
 α = uniform or constant angular acceleration, with unit rad/s2,
t = time, with units seconds (s)



Applying the same principles as those applied to the linear conditions an alternative and corresponding set of equations can be determined:

 …………………………………………………..(1)

…………………………………………………(2)

……………………………………………………(3)

………………………………………………….(4)

Relationship between Angular Speed and Tangential Velocity
 (
Body rotating at instantaneous angular speed 
ω
 rad/s
)Given the following scenario:
 (
Tangential Velocity ‘v’ m/s
)
 (
r
) (
α
) (
ω
)





Figure 4.
For above:


If the angular speed changes i.e there is an angular acceleration (or deceleration)α rad/s2, then proportionally so there will be a tangential acceleration given by:





Newton’s Laws of Motion

1.  ‘Everybody continues in its state of rest or uniform motion in a straight line, unless compelled to change that state by the action of an external force’.
2. ‘The rate of change of momentum of a body is directly proportional to the resultant external force which is producing the change, and takes place in the direction of the force’
Momentum = mv

i.e Force    Rate of change of momentum


Or

	Differentiation of a product via the product rule.

But if the mass remains constant then 

Hence 

Or more commonly 
3. ‘To every action there is an equal and opposite reaction’.



Torque and Angular Acceleration
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Figure 5.
Figure 5 represents a solid object rotating about a fixed axis ‘0’ perpendicular to the page.  Considering a single element of mass ‘m’ rotating about 0 at a distance ‘r’, should the speed of the element of mass change then there must be some tangential force being applied to it in accordance with Newton’s Second Law.



But since ,page 5 then,


The torque acting on the element of mass can be found since torque is produced by a force acting at a perpendicular distance of the line of action of the force from the point of application.


But when considering the whole of the solid object, the sum of all of the elements of mass of which the solid object consists, acting at many radii need to be considered.  The sum of all these elements is known as the Mass Moment of Inertia or simply Moment of Inertia, ‘I’.

Since 


Giving  compare with 
Calculating values of I is difficult except for simple cases:


Where ‘k’ is the radius of gyration, and is the distance from the centre of rotation to the point at which the mass of the solid object is considered to be concentrated from the perspective of its ‘rotary inertia’.

So for a uniform disc rotating about its geometric centre,
Work, Energy & Power
When a force is displaced (‘moves through a distance’), then ‘work is done’, ore energy is expanded.
Work Done = Force x Distance
J = N x m
J = Nm
Potential Energy
Suppose a mass is moved through a vertical distance ‘h’:
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Figure 6.
Constant force acting on body = Gravitational force = weight = mg
∴ work done = Force x distance
                       = mgh
This is the work done  (i.e. energy expanded) can be reclaimed by allowing the body to move back to its datum. It would accelerate under gravity and have kinetic energy when it falls through the datum.  Thus we have potential energy at its elevated position equal to the work done.


Kinetic Energy
Kinetic Energy is the energy possessed by a body by virtue of its velocity (motion).  Consider a ‘body’ moving from rest to attain a velocity v in time ‘t’ whilst moving through a distance ‘s’.
Then:
Work done = Force x Distance = F.s
∴Kinetic Energy = F.s (Principle of conservation of energy assuming no losses due to friction etc)

i.e 


Similarly the K.E. of a ‘rotating body’ can be shown to be:


Where I = mass moment of inertia (kgm2)
             ω = angular speed (rad/s)

Power
Defined as ‘the rate of doing work’.
Average Power = Work done/time taken
Power = J/s = W (watt)
If a force F is moving at a velocity v, then:


For angular motion:


Where T = Torque and ω = angular velocity

where n = rev/min
Giving

 W

Friction
Friction is ever present where there is ‘contact’ between two surfaces which are moving relative  to each other.  Consider the principles associated with Dry friction, when two dry and clean surfaces have contact and motion as described.

Laws of Dry Friction
1.  If a force is applied tending to move a body over another, the opposing friction that arises is tangential to the surfaces in contact and is just sufficient to balance the applied force.
2. As the applied force increases, there will be a ‘limit’ reached when the frictional resistance cannot resist the applied force tending to move the body, and there will be a limiting value of frictional resistance when at the ‘point of motion’.
3. The ‘limiting force’ is ‘proportional’ to the normal (perpendicular) force between the surfaces, and is independent of the area of contact.
4. The ratio of the limiting frictional force (F) and the normal reaction (Rn) is a constant which depends on the nature (type/roughness) of the surfaces in contact.
Thus

 where μ is a constant called the Coefficient of Static of Limiting Friction

Or 
Note 0<μ<1
5. When sliding starts, the direction of the resistive frictional force is always opposite to that of the motion.
The frictional force is again given by F=μRn, but μ now assumes a value generally slightly lower that the static limiting values.  Otherwise, sliding friction obeys the same laws of static friction.
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