Multi-mode Parallelism of a Scientific Code
1. Introduction
Parallel computing is a technique compared to the sequential computing, which means that at the same time multiple computing elements are in operation and several programs are being executed [1]. To optimize the code provided, at first we need to research the structure of the code, analyse which part of code can be parallelised and optimized. Then we will optimize the code using MPI and multi-threading techniques. Finally we will analyse the execution time and optimization result of code and give some recommendations. 

2. Parallelism Analysis
To determine if a code section can be parallelised, the main problem is race condition. A race condition occurs when the timing or the ordering of events can influence the output of system. Because if the code runs in parallel, the execution order of each part of code is uncertain and can be regarded as a random scheduling, we must make sure that the code section does not cause race condition before parallelising. we will analyse the code from this aspect below.

In the project, most of the computing task is executed by the ComputationEngine class in main.cpp file. There are six important functions which are showed below.
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For these functions, the latter ones are based on the results of former ones. For example, executing setADDash function needs the completion of setA and setB and setE functions must run after setCD. Therefore, we cannot parallelise them from outside of these functions. Below we will research the parallel optimization inside these functions respectively.

For SetA and SetB, their structures are similar, which both are comprised of a nested for loop. In the for loop, every item of the inputArr array will be read and calculated for the values of nA and nB array. We can see that there is no writing operation for the items in inputArr array, so the parallelism will not influence the inputArr array. In addition, for nA and nB array, their values are only based on the corresponding values of inputArr, so the writing operation of nA and nB array can also be parallelised. From all above, SetA and SetB functions can be parallelised.

For SetABDash function, the core function of it is MatrixInverse::MatrixInversion function which is to inverse the matrix. We have two ways to do the parallelism. First way is to make parallel processing inside the MatrixInversion function, but because the logic of this function is very complex and the data heavily rely on each other, this way will be a little hard. The other way is to make parallel processing outside the function, i.e. run the MatrixInverse::MatrixInversion(tmp, nADash, arrSize) and MatrixInverse::MatrixInversion(tmp, nBDash, arrSize) function at the same time. This way is easy but the parallelism extent will only be 50% and speedup will be double at maximum. Because the second way is simple, following we will focus on researching the feasibility of the first way. For MatrixInversion function, it is mainly comprised of a big for loop. It is hard to determine whether or not we can parallelise the whole for loop, because in the loop M1 array and M2 array are used and updated several times. We think occurrence of race condition is highly probable so we will not parallelise the whole for loop. Inside the biggest loop, there are also some small loops. The first one is to find the biggest value and its position among the items in the same column in lower triangle of the matrix. Because the structure of the loop is complex and loop times is not too large (the number of rows at maximum), we decide to not parallelise it. The next loop is showed below.
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It is to exchange the values of M1 array. The exchanging is between the items in the two rows showed in the image below.
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We can see that the exchanging process of items is separate to each other, so this part can be papalised. For the third for loop, 
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the exchanging process is showed below, 
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where we can also see that the exchanging is separate, so this loop can also be parallelised. The third loop is showed below. 
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Its logic is complex and it is hard to determine if there is race condition. We tend to think there is so we will not parallelize this. Above all, this MatrixInversion function can be partly parallelized.

For SetCD function, it is used to set the values of nC and nD array which are depends on the nA, nB, nADash and nBDash arrays. Because these four arrays will not change value in this function, there will be no race condition for the nested for loop. The setting process of nC and nD array can be divided into multiple parts and execute parallelly. The same reason can also apply to the SetE function. nE array only depends on nC and nD array, which do not change value in the SetE function. Therefore, this function can also be parallelized.

For SetResults function, it consists of two for loops. The first for loop is to get the minimum absolute value of each row's sum of nE array, so we can divide the nE array into multiple parts and find the minimum sum of each part, then find the minimum value among these parts, which is also the minimum value of the whole array. Therefore, the first for loop can be parallelized. The second for loop is to set the values of result array using nE array. Because the values of nE array does not change in the loop, this loop can also be parallelized. Therefore, SetResults function can be parallelized, but because the second for loop block depends on the results of the first one, the parallelism must be divided into two parts and run sequentially. 

Above is the analysis of the parallelism feasibility of the program, and in next two sections we will introduce our implementations of parallelism using multi-threading and MPI technique.

3. Implementation of Parallelism using MPI
MPI stands for Message Passing Interface (MPI), which is a cluster computing technique. In the cluster computing situation, a set of connected computers are orchestrated to work together and from outside perspective they can be regarded as a single high-performance system. Cluster computing is an important way to implement parallelism, where task can be divided into several portions and assigned to different nodes within cluster [2]. 

Based on the analysis in last section, we optimise the SetA() and SetB() function. In this project we used four cores so the task is divided into four parts. To get the computing range for each core, we calculate the minimum index and maximum index based on the rank of core. Then each core will undertake one part of the task. Finally when all the cores finish we will combine the four results together using MPI_Allreduce function with MPI_SUM operation parameter.

In addition, for the MarixInversion function, we parallelize the first two sub-loops in the biggest for loop. We also assigned each core a computing range and the core would store the results in a temporary array after finishing. Then we used MPI_Allgatherv function to transmit the computing results. The code is showed below [image]. However, our test result shows that the parallelism does not sped up the program but make it even slower. Precise test results can be seen in the next section. 

For the SetCD and SetE function, their parallelism way is similar to the SetA and SetB function, which can be found in the project file. 

[bookmark: _GoBack]For the SetResults function, we parallelize two parts of it. First part is to find the minimum sum of rows. We divided the finding loop into four parts and assigned them to the cores. Then we utilized MPI_Allreduce function with MPI_MIN operation parameter to get the minimum value of four results, which is also the minimum value of the whole array. For the second part, we assigned the computing process to four cores and combined the results also using MPI_Allreduce function.

3.1 Parallelism Results 
We test the parallelism results with parallelising inversion part and without inversion part, which are showed below. 
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We can see that if we parallelize the MarixInversion function the results will be obviously slower than not. We can also see that SetC+D(s) and SetE(s) are improved a lot, but Invert A and Invert B parts are even slower than no parallelising version, no matter with or without parallelising the MarixInversion function. We guess it is because the paralleled parts are too small, which makes the overheads of assigning task and collecting results over the benefit of parallelism. Therefore, before parallelising we should think about the scale of parallelism part and try to extend the scope of optimization part. 

Note that because of the time limitation, we did not test the 5000 and 10000 inputs.

4. Implementation of Parallelism using Multi-threading
Multi-threading is also a technique of parallelism. By threading, the task of process can be divided and assigned to different threads to be processed at the same time. Therefore, the performance of system will be improved.

For this project, we implement the parallelism by C++ <thread> library and lambda expression. In addition, in order to manage the threads and memory assigned to them, we used the vector <thread*>, which will give us more convenience when doing multi-threading process. Because of the results of MPI parallelism, we did not parallelize the MatrixInversion function. More implementation details can be seen in the project files.  

The parallelism results of multi-threading are below. 
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We can see that the overall performance is worse than MPI results, especially for the setC+D and setE parts. However, when the input is 200, threading results are better than MPI's. Therefore, if the data amount is not very large we should use multi-threading technique and MPI technique is more appropriate for the big data situation.
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ComputationEngine *ce = new ComputationEngine(&arr, size, core_rank, core_size);
ce->Initialise();

ce->SetA();

ce->SetB();

ce->SetABDash() ;

ce->SetCD();

ce->SetE();

ce->SetResults();
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for (j = @; j<nbrelLC; j++)

{//can be parallelized

i perm = M2[pos + J - xI;

M2[pos + j - x] = M2[x*nbrelC + j1;
M2[x*nbrelC + j] = perm / div;

}




image3.png




image4.PNG
for (j = @; j < nbrelC - x; j++)
{
i perm = Mi[pos + j1;

i Mi[pos + j] = MI[x*nbrelC + x + j1;
| Mi[x*nbrelC + x + j] = perm / div;
}
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