2D DIFFUSTION MODEL USING THE EXPLICIT FINITE DIFFERENCE METHOD
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1. Introduction
This study explores the finite difference method (FDM), a numerical technique for solving partial differential equations (PDE), focusing on the heat equation and its applications in two-dimensional (2D) geometry. The heat equation is a fundamental thermodynamic model that describes the heat distribution (or temperature variation) in each region over time. A solid understanding of 2D geometry is essential for this analysis, as it provides the spatial framework necessary for discretising the problem. It will begin with an overview of the key terms and concepts to facilitate this.
Central to the approach is the Taylor series, which serves as the foundation for deriving finite difference approximations. These approximations are used to compute the first and second derivatives of the heat equation, allowing the ability to define forward, backward, and central difference methods. The explicit finite difference scheme will be employed in this study, replacing the temporal derivative in the heat equation with forward difference approximations and the spatial derivative with central difference approximations. This ensures that the numerical method aligns with the physical behaviour of heat diffusion.
The area will be discretised into a grid of nodes with uniform spacing to capture the solution accurately. Time is similarly discretised, with step sizes chosen to ensure stability and convergence of the solution. The explicit finite difference formula will be derived, incorporating the Fourier number. This dimensionless number characterises the ratio of the rate of heat conduction to the rate of heat storage to assess the stability criterion. Initial conditions for temperature distribution and boundary conditions will be specified, and an analytical solution will be introduced to validate the numerical results.
To evaluate the effectiveness of this method, the temperature map at thermal equilibrium obtained from the numerical solution will be compared with the analytical solution. The finite difference method's limitations will be analysed, including error propagation, stability issues, and challenges with complex geometries. Additionally, coding limitations such as round-off and truncation errors and imperfections in modelling thermal equilibrium will be discussed with support from academic literature.
This investigation aims to comprehensively understand the finite difference approach to solving the heat equation, its practical implementation, and the implications of its inherent limitations.



2. [bookmark: _Toc188835507]The constitutive equation of the problem
a. [bookmark: _Toc188835508]The Heat Equation
The heat equation is widely used to model heat conduction and diffusion processes. It provides a theoretical framework for understanding heat flow in solids, liquids, and gases, with practical applications in various fields, including engineering, physics, and environmental science. Its ability to predict temperature distributions, design efficient thermal systems, and simulate thermal processes makes it a crucial tool in these disciplines.(Necati Ozisik et al., 2017; Bruno and Paul, 2022)
The heat equation, which has its roots in Jean-Baptiste Joseph Fourier's groundbreaking work in the early 19th century, is a cornerstone of mathematical physics. His research demonstrated how heat conduction could be analysed mathematically, leading to a better understanding of thermal behaviour in materials. Over time, the heat equation has been extended and adapted for more complex scenarios, such as multidimensional systems and those with variable thermal properties.(Bruno and Paul, 2022)
b. [bookmark: _Toc188835510]Explanation of the Heat Equation
The heat equation describes the temperature change rate within a material over time due to conduction. Conduction transfers heat energy from higher-temperature regions to lower-temperature regions. The heat equation is critical because it can predict temperature distributions, design efficient thermal systems, and simulate various thermal processes.(Incropera et al., 2016)
In two-dimensional (2D) geometry without a heat source term, the heat equation is used for modelling steady-state and transient temperature distributions. It assumes that heat transfer occurs due to conduction only and that the material properties are isotropic (uniform in all directions) and homogeneous (uniform throughout the material).(Ozisik and Hahn, 2012)
c. [bookmark: _Toc188835511]Mathematical Definition of the Heat Equation (2D Geometry)
For a 2D domain with no heat source term, the heat equation is given by:
[bookmark: _Toc188835703]Equation 1 - Heat Equation (Incropera et al., 2016)

Where:
·  T(x, y, t) represents the temperature at position (x, y) and time (t).
· α is the thermal diffusivity of the material, defined as:
[bookmark: _Toc188835704]Equation 2 – Thermal Diffusivity Equation (Cengel and Ghajar, 2019)(Di Pietro, Ern and Formaggia, 2018)

· k as thermal conductivity(W/m C), 
· ρ as density(kg/m³), 
· c as specific heat capacity(J/kg C).
The equation assumes no internal heat generation sources within the domain exist.
d. [bookmark: _Toc188835512]Definition of Terms
· Thermal Diffusivity: A measure of how quickly heat diffuses through a material.
· Thermal Conductivity: The material’s ability to conduct heat.
· Density: The mass per unit volume of the material.
· Specific Heat Capacity: The amount of heat required to change the temperature of a unit mass of the material by one degree Kelvin.
(Majumdar, 2005)
e. [bookmark: _Toc188835513]Importance and Applications
Understanding and solving the heat equation is crucial for designing efficient thermal systems and predicting temperature behaviour under various conditions. Applications include:
· Engineering: Thermal analysis of structures, cooling systems, and heat exchangers.
· Physics: Modelling heat transfer in conductive materials.
· Environmental Science: Studying heat flow in soil and water systems.
· Medicine: Thermal treatment planning in hyperthermia therapy.
The heat equation continues to be a vital tool in science and engineering, providing a framework for analysing heat transfer.(Kostic, 2006)

[bookmark: _Toc188835514]

3. Explicit finite difference form of the constitutive equation
This chapter describes the explicit finite difference form of the heat equation and the complete discretisation procedure used to solve it numerically. As the heat equation is a differential equation, it isn't easy to calculate and must be simplified. One way of doing this is by creating a linear approximation of the terms using the Taylor Series and Finite Difference method(Majumdar, 2005; Bruno and Paul, 2022).
a. [bookmark: _Toc188835515]Taylor Series
Taylor series is used to express a function by a polynomial defined with infinite terms derived from its parent terms at a point of interest.
a. [bookmark: _Toc188835516]Basic formula
A function  expanded using the Taylor Series around point  is:

[bookmark: _Toc188835705]Equation 3 - Taylor Series Expanded around a single point (Morton and Mayers, 2005)

Where:
· is the function value at 
·  is the functions' first and second derivatives. 
·  is the horizontal distance between the point of expansion.

b. [bookmark: _Toc188835517]Taylor Series and Difference Approximations
In this instance, the Taylor series is used to derive linear equations of the first and second derivatives from a parabolic partial differential equation. 
These equations are implemented to discretise the heat equations, which form the basis of the finite difference method. 
The forward and backwards difference approximation is expanded around.  ,  respectively and rearranges around  To form Equations 4 & 5 below.
[bookmark: _Toc188835706]Equation 4 - Forward Difference Equation(Morton and Mayers, 2005)

The backward difference method is expanded around. .
[bookmark: _Toc188835707]Equation 5 - Backward Difference Equation(Morton and Mayers, 2005)

For the central difference, combine the Taylor expansions for  and , then subtracting the second equation from the first, rearranging it around  to form Equation 6
[bookmark: _Toc188835708]Equation 6 - Central Difference Equation(Morton and Mayers, 2005)

To approximate the second derivative, add the Taylor expansions for , add the two equations and rearrange it for .
[bookmark: _Toc188835709]Equation 7 - Central Difference Equation to the second derivative(Morton and Mayers, 2005)

Where  Represents the approximation error or truncation error in the numerical analysis,  Represents the step size. 
The larger the step, the lower the error; therefore, the Central Difference Approximation to the second derivative is the most accurate of Equations 4-7.
These equations form the foundation for the finite difference scheme. 
c. [bookmark: _Toc188835518]Discretisation of the Spatial and Temporal Domains
Spatial Domain: The area is divided into a uniform grid of nodes. The grid spacing must be small enough to accurately capture the solution's behaviour.[image: A diagram of a square with arrows and letters  Description automatically generated]
[bookmark: _Toc188835606]Figure 1 – Discretisation of Spatial Domain



[bookmark: _Toc188835710]Equation 8 - Spatial Discretisation in the x direction(Ozisik and Hahn, 2012)

[bookmark: _Toc188835711]Equation 9 -Spatial Discretisation in the y direction(Ozisik and Hahn, 2012)




Where:
	 is the temperature.
 is the location of the node.
 is time.
N, S, E, and W are North, South, East, and west of the current position, respectively.
Temporal Domain: The time interval is divided into time steps. The size of the time steps is proportional to the grid spacing and is chosen to ensure stability and accuracy.

[bookmark: _Toc188835712]Equation 10 – Temporal discretisation derived from the forward difference approximation(Ozisik and Hahn, 2012).

Where:
 is the difference in time.
 is the temperature at a grid location at the next time step.
	 is the temperature at the current time step.
	
d. [bookmark: _Toc188835519]Explicit Finite Difference Linear Equation
The explicit finite difference scheme replaces the temporal derivative in the heat equation with the forward difference approximation and the spatial derivative with the central difference approximation. The resulting equation is:
[bookmark: _Toc188835713]Equation 11 – Explicit Finite Difference Linear Equation(Necati Ozisik et al., 2017)



e. [bookmark: _Toc188835520]Explicit Finite Difference Form
The explicit finite difference form of the heat equation introduces the Fourier number (, defined as:
[bookmark: _Toc188835714]Equation 12 – Fourier Number Equation(Bruno and Paul, 2022)

Where F is the Fourier number defined by:
[bookmark: _Toc188835715]Equation 13 – Derivation of the Heat Equation, including Fourier Number (Álvarez-Hostos et al., 2024)

f. [bookmark: _Ref188813371][bookmark: _Toc188835521]Stability Criterion
For the explicit scheme to remain stable, the time step must satisfy the stability criterion derived from the CFL (Explain CFL) condition:
[bookmark: _Toc188835716]Equation 14 – Stability Criterion 

This ensures that the solution does not diverge as time progresses.(Chapra, 2022)

4. [bookmark: _Toc188835522]The Initial boundary condition and analytical solution
The initial boundary conditions are critical for solving the heat equation numerically and comparing the numerical results with the analytical solution. The 2D domain is initialised with a uniform zero temperature, representing the material's starting thermal state. The northern boundary is set to a user-defined temperature (“T0”), while the southern boundary is set to the negative of the same temperature (“-T0”). These boundary conditions simulate a thermal gradient across the plate, ensuring that heat conduction occurs(Cengel and Ghajar, 2019).
East and west boundaries are treated with Neumann boundary conditions, implying no heat flux across these boundaries. This condition is appropriate for scenarios where the material is insulated along these edges. Neumann conditions are incorporated by modifying the finite difference equations for the boundary nodes to account for the zero-gradient assumption. This ensures physical consistency and prevents artificial heat sources or sinks from affecting the results. (Chapra, 2022)
The analytical solution provides a theoretical framework for validating the numerical model. The analytical solution for the heat equation is derived using the separation of variables and Fourier series expansion. For a rectangular plate with the given boundary conditions, the analytical temperature distribution is expressed as:

[bookmark: _Toc188835717]Equation 15 - Analytical Solution of the Heat Equation(Chapra and Canale, 2020)


This analytical expression assumes steady-state conditions and incorporates the effect of the boundary temperatures, thermal properties, and plate geometry (Patankar, 2018). A summation over 100 terms ensures accuracy in the numerical evaluation of the analytical solution.
5. [bookmark: _Toc188835523]Codes’ details and explanations
The script is designed to solve the heat equation using an explicit finite difference method. Below is a breakdown of the code's main components.
a. [bookmark: _Toc188835524]Housekeeping
Lines 1-4 clear the command space and Workspace to ensure no code/values are brought forward from a previous calculation and ‘close all’ is used to close figures. This is considered good practice by many MATLAB users(Chapra, 2022).
[image: A white background with black and blue text
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[bookmark: _Toc188835607]Figure 2 – Clearing functions 
b. [bookmark: _Toc188835525]Material Properties and Thermal Diffusivity:
Thermal conductivity (k), density (p), and specific heat capacity (c) of aluminium are defined. These parameters are used to calculate the thermal diffusivity (α).
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[bookmark: _Toc188835608]Figure 3 - Material Properties Code 

c. [bookmark: _Toc188835526]Domain and Grid Definition:
The user specifies the dimensions of the plate (xDim and yDim)(Figure 4) and grid spacing (h)(Figure 5). Input validation ensures that grid spacing divides the dimensions evenly and is positive. Lines 22-27 ensure that the user defines values greater than zero. This stops the user from accidentally providing a minus length, which is unrealistic in the real world.
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[bookmark: _Toc188835609]Figure 4 - Defining xDim & yDim
[image: A screenshot of a computer code
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[bookmark: _Toc188835610]Figure 5 - Definition of Grid Spacing
Lines 49 and 50 calculate the computational grid's number of rows (NR) and columns (NC)(Figure 6).
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[bookmark: _Toc188835611]Figure 6 - Grid Rows & Columns
d. [bookmark: _Toc188835527]Initial Temperature Matrix
A matrix T1 is initialised with all elements set to zero, representing the plate's initial temperature. Boundary conditions are applied to this matrix, with user-defined temperatures at the north and south edges(Chapra, 2022).
[image: A screenshot of a computer
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[bookmark: _Toc188835612]Figure 7 - Initial Matrix Code
e. [bookmark: _Toc188835528]Stability Criterion
The CFL condition governs the stability of the explicit finite difference scheme, as mentioned in Chapter. 3.d.
[image: A white background with blue and green text
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[bookmark: _Toc188835613]Figure 8 - Stability Criterion Code
The code calculates the maximum allowable time step (dTmax) and ensures that the user-provided time step (dT) satisfies this criterion(Majumdar, 2005; Chapra, 2022).
f. [bookmark: _Toc188835529]Define and Verification of time step
[image: A computer screen shot of a computer code
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[bookmark: _Toc188835614]Figure 9 - Define & Verification of Time Step Code
g. [bookmark: _Toc188835530]Introduction of Fourier Number 
Line 89 introduces the Fourier Number Calculation(Figure 10), which will be used later in the program in the Finite Difference code.(LeVeque, 2007; Álvarez-Hostos et al., 2024)
[image: A close up of a text
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[bookmark: _Toc188835615]Figure 10 - Fourier Number Code
h. [bookmark: _Toc188835531]Pre-requisites to the Finite difference loop
Initially, this is where the temperature matrix “T2”, shown in Figure 11, is identical to T1 on line 93, the convergence criterion is set to 0.01, and StepMax is set to 0.01. This ensures the solution only iterates until the maximum temperature change between successive time steps (StepMax) falls below the convergence criterion (CovCre) to reduce the computational time/energy wasted on tiny temperature changes(Press et al., 2007).
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[bookmark: _Toc188835616]Figure 11- Prerequisite Code for Finite Difference Loop
i. [bookmark: _Toc188835532]Finite Difference Loop
The core of the project is the Finite Difference Loop. In this loop, the code runs from node to node in the matrix, using the FDM Equation (Line 106) to calculate the temperature at each user-defined time step(dT). (Jakuria, 2002)
M=2 and NR are the nodes of the column and row, respectively, to be solved in the matrix.
Neumann conditions are implemented for the east and west boundaries to maintain zero heat flux (Figure 12, lines 111 – 117).
[image: A screenshot of a computer program
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[bookmark: _Toc188835617]Figure 12 - Finite Difference Loop and Newmann Boundary Condition code
j. [bookmark: _Toc188835533] Visualisation & Validation 
The analytical solution produces a second matrix to validate the results, which can be used to compare the Numerical Temperature Matrix. 
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[bookmark: _Toc188835618]Figure 13 - Temperature Map of Numerical Solution
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[bookmark: _Toc188835619]Figure 14 – Analytical Solution Code
The code in Figure 15 displays the numerical temperature matrix and Analytical Solution Matrix in the command window.
[image: A screenshot of a computer code
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[bookmark: _Toc188835620]Figure 15 – Command window display code
The code in Figures 13 and 14—lines 154-161—visualises the temperature map using contour plots for numerical and analytical solutions. The difference between the solutions is also plotted to identify discrepancies.
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[bookmark: _Toc188835621]Figure 16 – Matrix Comparison Code
Finally, the code in Figure 17 converts the time in seconds to minutes, hours and days.
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[bookmark: _Toc188835622]Figure 17 - Time Display Code
6. [bookmark: _Toc188835534]Validation of the code
The numerical model is validated by comparing its results with the analytical solution. The comparison involves a temperature matrix comparison of the numerical and analytical solutions, displayed side by side to highlight differences. The maximum difference between the solutions is calculated and reported.
[image: A screenshot of a math program
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[bookmark: _Toc188835623]Figure 18 – Table of results example
Contour plots of the numerical and analytical solutions provide a visual comparison. The difference plot highlights areas where discrepancies are most significant, typically near boundaries or regions with steep gradients. The numerical difference is then calculated and plotted on a figure as a visual aid to help the user identify significant differences between the Numerical and analytical solutions, as shown in Figure 19.[image: A screenshot of a computer
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[bookmark: _Toc188835624]Figure 19 – Visual representation of the Numerical Solution, Analytical Solution and Difference between the two
The stability criterion ensures that the numerical solution does not diverge. (Jack P., 2010)The convergence is verified by observing the reduction in StepMax over iterations.
7. [bookmark: _Toc188835535]Sensitivity analysis of the code
Sensitivity analysis evaluates how variations in key parameters affect the numerical simulation's accuracy, computational effort, and stability. The key areas of code that can affect the sensitivity but do not affect the integrity of the assignment are grid spacing, time steps, and tolerance conditions. 
a. [bookmark: _Toc188835536]Grid spacing[image: A graph with a line going up  Description automatically generated]
[bookmark: _Toc188786717][bookmark: _Toc188835625]Figure 20 – Grid Spacing Chart

Decreasing the grid spacing (h) increases the resolution of the numerical grid, improving the ability to capture finer temperature gradients across the plate. This enhances the accuracy of the numerical solution by reducing truncation errors, as smaller grid spacing better approximates the continuous heat equation (Morton and Mayers, 2005).
However, finer grids also increase computational costs due to the more significant number of grid points, resulting in higher memory usage and extended simulation times.
Figure 16 demonstrates how the numerical solution converges as the grid spacing decreases. The improved accuracy arises from minimising truncation and primary round-off errors (Jakuria, 2002). When these errors are sufficiently small, the solution closely approximates the actual physical behaviour of heat propagation, as mentioned in 3.b.
b. [bookmark: _Toc188835537]Time Step[image: A graph with a line going up  Description automatically generated]
[bookmark: _Toc188786718][bookmark: _Toc188835626]Figure 21 - Time Step Chart


The time step (dT) governs the temporal resolution of the simulation. More significant time steps reduce computational time by requiring fewer iterations to reach the final solution. However, the explicit FDM ensures a stability constraint where dT must be less than or equal to dTmax to prevent numerical instability. This constraint ensures , maintaining the simulation's stability.
Choosing a more significant time step ensures a balance between efficiency and accuracy. (Kreyszig, 2020). Equally, choosing a too-small time step increases computational time but does not significantly improve accuracy, as shown in Figure 21.
 
c. [bookmark: _Toc188835538]Tolerance condition [image: A graph with a line and a blue line  Description automatically generated]
[bookmark: _Toc188786719][bookmark: _Toc188835627]Figure 22 – Tolerance Condition Chart


 Lastly, the tolerance condition refers to the range of convergence before concluding the calculations. The smaller the tolerance, the more accurately the calculation, but it requires more calculations and, therefore, is more time-consuming.(Cengel and Ghajar, 2019).
Figure 22 shows that the speed at which MATLAB reaches thermal equilibrium decreases as the tolerance increases. 
Balancing the tolerance condition is vital to ensuring the model is accurate at low computational effort. 
[bookmark: _Toc188835539]Choosing the grid spacing, time step, and tolerance condition is vital as the user and developer balance computational effort, time, and accuracy to achieve the desired result (Press et al., 2007). (The tables associated with the graphs in Figures 1, 2, and 3 are in Appendix 1.)
8. Main model’s limitations
There are several limitations associated with this model:
· Explicit Scheme Stability - The method is conditionally stable and requires small time steps, leading to high computational costs for fine grids or large domains.
· Neumann Boundary Condition Implementation -  If the east and west boundaries are insulated, Neumann conditions may introduce errors.
· Error Propagation - Truncation errors accumulate over iterations, potentially affecting accuracy.
· Simulation Times - Computational time for large grids or small-time steps can be significant.
· Analytical Solution Approximation - The analytical solution uses a finite number of terms in the Fourier series expansion, introducing slight inaccuracies. If the time steps are relatively small, they multiply and can propagate into a significant error. 
Given the simplicity of calculating a sheet of aluminium, each of the limitations above is/should be negligible, but adding them together may cause significant errors(Jakuria, 2002; Iserles, 2009; Chapra and Canale, 2020; Chapra, 2022).
9. [bookmark: _Toc188835540]Suggested improvements and future developments
Improving the convergence speed of your explicit finite difference method can be achieved through several strategies:
· [bookmark: _Toc188835541]Increase the Grid Spacing (h) - Larger grid spacing reduces the number of grid points, speeding up computations. However, this may reduce accuracy. The trade-off between time and accuracy will be at the users' discretion.
· Optimise the Time Step (dT) - To reduce the number of iterations needed, ensure the time step is as significant as possible while satisfying the stability criterion.
· Use a More Efficient Algorithm - Consider using implicit methods (like Crank-Nicolson), which are unconditionally stable and allow more significant time steps. However, they require solving a system of equations at each time step.
· Parallel Computing—Accessing parallel computing resources allows you to distribute computation across multiple processors to speed up the calculations.
· Adaptive Time Stepping - Implement adaptive time stepping, where the time step size changes based on the solution's behaviour. This allows for more significant steps when the solution is smooth and smaller steps when it changes rapidly.
· Refine the Convergence Criteria—If your application's current precision is more significant than necessary, adjust the convergence criteria to a slightly larger value.
· Implicit Methods - Schemes like Crank-Nicolson could overcome stability issues and allow more significant time steps.
· Increasing GPU Power - Utilising parallel processing or GPU acceleration would significantly reduce computational time.
· Non-Uniform Properties - Extending the model to handle spatially varying material properties would increase its practicality.
· Prevent MATLAB Error code - Develop code so that MATLAB allows users to resolve errors when entering non-entity, letters or special characters instead of relying on MATLAB to offer its standard error codes. 
(Jakuria, 2002; Iserles, 2009; Chapra and Canale, 2020; Chapra, 2022)
10. [bookmark: _Toc188835542]Conclusion
The sensitivity analysis underscores the significance of choosing appropriate grid spacing, time steps, and tolerance conditions. These factors profoundly impact the trade-offs between computational efficiency, accuracy, and solution stability. While the explicit finite difference method proves robust for well-defined problems, its limitations necessitate caution, such as conditional stability and computational demands for fine grids. Implementing Neumann boundary conditions and relying on truncated Fourier series for analytical validation further emphasise the need for careful parameter selection and methodological improvements.
Future enhancements could address the model’s computational limitations and expand its applicability. Adopting implicit methods like the Crank-Nicolson scheme, parallel computing, and adaptive time stepping could significantly improve efficiency and stability. Refining the model to account for non-uniform material properties and extending its usability to handle diverse boundary conditions and error prevention in code input would also broaden its practical utility.
The explicit finite difference method offers a solid foundation for understanding heat conduction phenomena. By balancing computational resources and solution accuracy, researchers and engineers can leverage this technique to design efficient thermal systems, simulate real-world heat transfer scenarios, and explore further innovations in computational thermodynamics. This investigation validates the method's capabilities and provides a roadmap for advancing its application in more complex and dynamic thermal problems.
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12. Appendix 
a. Appendix 1	
	Influence of grid spacing

	Grid spacing (h)
	Time step (fixed)
	Temperature   (°C)
	tolerance (fixed) 
	Thermal equilibrium Time (in seconds)

	4.00
	150
	50
	0.001
	282600

	3.00
	150
	50
	0.001
	278700

	2.00
	150
	50
	0.001
	255150

	1.50
	150
	50
	0.001
	258600

	1.20
	150
	50
	0.001
	253200

	1.00
	150
	50
	0.001
	254700

	0.75
	150
	50
	0.001
	253350

	0.60
	150
	50
	0.001
	252600

	0.50
	150
	50
	0.001
	252300

	0.40
	150
	50
	0.001
	251700

	0.30
	150
	50
	0.001
	251850

	0.25
	150
	50
	0.001
	251700

	0.20
	150
	50
	0.001
	251700

	
	
	
	
	

	Influence of the time step

	Grid spacing (h) (fixed)
	Time step 
	Temperature   (°C)
	tolerance (fixed) 
	Thermal equilibrium Time (in seconds)

	0.75
	2000
	50
	0.0001
	582000

	0.75
	1500
	50
	0.0001
	513000

	0.75
	1000
	50
	0.0001
	492000

	0.75
	800
	50
	0.0001
	480000

	0.75
	600
	50
	0.0001
	463800

	0.75
	400
	50
	0.0001
	441200

	0.75
	200
	50
	0.0001
	402000

	0.75
	100
	50
	0.0001
	362400

	0.75
	50
	50
	0.0001
	322600

	0.75
	25
	50
	0.0001
	282775

	


	
	
	
	

	Influence of the Tolerance Condition
	
	
	

	Grid spacing (h) (fixed)
	Time step (fixed) 
	Temperature   (°C)
	Tolerance  
	Thermal equilibrium Time (in seconds)

	1
	500
	50
	0.1
	57500

	1
	500
	50
	0.01
	191000

	1
	500
	50
	0.001
	324000

	1
	500
	50
	0.0001
	457500

	1
	500
	50
	0.00001
	590500

	1
	500
	50
	0.000001
	723500

	1
	500
	50
	0.0000001
	857000
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%Clearing functions
clc

clear

close all
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define Mechganical properties of aluminuim
- 143; % W/nC

2.8e3; % kg/m'3

795; % I/kg.C
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% Calculate Alpha (Thermal Diffusivity)

a = k/(p*c);
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% 2D Parameters of grid

xDim
yDim

input('Define the dimention of the x-axis: ');
input('Define the dimention of the y-axis: ');

% Code to prevent the user defining xDim or yDim as equal to or less than Zero

while xDim <=8 || yDim <=0
#printf('The value must be more than

xDim = input('Redefine the dimention
yDim = input('Redefine the dimention of the y-axis: ');
end
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% User to define grid spacing
h = input('Define a grid spacing, the value must be devisable by the x and y axis: ');

% Code to prevent the user defining a grid spacing which does not comply
% with the plate

while rem(xDim,h)~=@ || rem(yDimh)~= @ || h == xDim || h == yDim || h < @

#printf(["\nThe Grid spacing of %.2f does not meet the required criterion for
*successful cumputation. \n\n'],h);

h = input(['The value must be: \n - A positive number above 8, \n
*Stricly less that to x and y values,\n \nPlease redefine a grid spacing: ']);

end

fprintf( Great, your grid spacing meets the required criterior!\n \n')
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% Define the size of the matriax

N
NR

(xDim/h)+1;
(yDim/h)+1;
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% Code that defines the initial matrix as Tl with a starting temprature of zero

T

zeros(NR,NC) ;
% Defines the plate north and south edges at user defined temprature
TO - input('Please define northen boundry temprature:

TI(1,:) - Te;
Ti(end, -To;

% Ensures boundry temrature is more than zero

while TO <= @
TO - input('The value must be a positive number, please redefine northen boundry temprature:

end
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69 4 (heck To ensure the stabllity criterlon b<r@=<l/4
70

71 dTmax = h"2/(4*a);
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% Request user to determine a time step

Fprintf(The max time step possible is: %.2f \n \n',dTmax);
dT = input('Now, enter a time step in seconds: ');

% code to verify that the time step is less than the maximum allowable timestep and
% asking to choose another if required

while dTmax < dT || dT<-@

dT = input(['The time step must be a positive number more than @ and *
"less than the provided max time step, please choose a positive value below the

end

max time step: '1);
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% function to calculate FO

FO = a*dT/h”2:
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% code which introduces a new matetix

T2-T1;
CovCre

StepMax

0.01;

which is identical to T1
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% Finite Difference Loop including Neumann Boundry conditions

while StepMax > CovCre

end

TI-T2;
for

NR-1 % Row in matrix
for N-2:NC-1 % Column in matrix

% Explicit finite difference method equation

T2(M, N)<TL(M, NR) + F@ *(TL(M+1, N) + TL(M-1, N) + TI(M, N+l) & TL(M, N-1) - 4 * TI(M,
end

% Neumann boundary conditions for east and west boundaries
% Modified FDM eqn (east)

N-1;

T2(M, N)<TL(M, N) + FO *(T1(M+1, N) + TL(M-1, N) + TL(M, N+1) + TI(M, N+1) - 4 * TI(H, N));

% Modified FDM eqn (west)
NC;
T2(M, N)=TL(M, N) + FO *(TL(Mel, N) + TL(M-1, N) + TL(M, N-1) + TA(M, N-1) - & * Ti(H, N));

end

Steptlax-max(abs (T2-T1),[],"a11");
Time-Time+dT;

)
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% Plot a figure to visualise the temprature across a 20 plain

Figure(1);

contourf (f1ip(T2),100, 'LineStyle", ‘none’);
colormap(jet);

colorbar;

clin([-Te To])

title("Figure of temperature map through plate.’);
xlabel(“Mumber of columns’);

ylabel( Number of rows'):
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% Analytical solution

Format Shortg
Ta=zeros (NR,NC) ;

Figure(2);
for r1iR
for c-Lnc
e (e-1);
yehe(-1);
ST TAGro)s
For k - 1:100 % Accuracy
T STe1/ (100 %kt pD)R2 T (1- (1)) ..
Sin(k = pi *y / yoim) / sinh(k * pi * yDin / yDim)*...
(cosh(k * pi = x / yoim) - cosh(k * pi * (x - yoim) / yoim);
end
TR, )= To + (2% To / yoim) * y + ST;
end

end

% Temperature Figure for the analytical solution

colormap(jet);
contourf(TA, 160, ' linestyle’, "none’);

clin([-Te Te])

colorbar;

title("Analytical Temperature at thermal equilibrium’);
xlabel( Number of columns’);

ylabel(‘Number of rows');

pause(@.3)
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% Temperature display for the analytical solution .

disp('The Analytical Solution i
disp(flip(TA))

fprintf(‘Nunerical Temperature matrix at thermal equilibrium:\n')
disp(T2)

% Maximum difference between numerical and analytical solutions
Diff = abs(fLip(TA) - T2);

maxDiff = max(Diff, [], 'all');
Fprintf('Haxinum difference betueen numerical and analytical solutions

%.2f degree C\n', maxDiff);
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% Difference matrix to see where the deviations occur

Figure(3);
contourf (Diff, 100, linestyle’, none’);
colormap(jet);

colorbar;

title("Difference between Numerical and
xlabel(“Mumber of columns’);

vlabel( 'Number of rows'

Analytical Solutions');
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188 % Convert and display time

189
190 if Time < 60

191 fprintf(‘Time to reach thermal equilibrium: %.2f seconds\n’, Time);

192

193 elseif Time < 3600

194 minutes = floor(Time / 60);

195 seconds = mod(Tine, 60);

196 fprintf(['Tine taken to reach thermal equilibrium: %d minutes and %.2f |'
197 ‘seconds\n'], minutes, seconds);

198

199 elseif Time < 86400

200 hours = floor(Time / 3600);

201 minutes = floor(mod(Time, 3660) / 60);

202 seconds = mod(Tine, 60);

203 fprintf(['Tine taken to reach thermal equilibrium: %d hours, %d minutes, '
208 ‘and %.2f seconds\n'], hours, minutes, seconds);

205

206 else

207 days = floor(Time / 3600%12);

208 hours = floor(mod(Time, 3600°12) / 3600);

209 minutes = floor(mod(Time, 3660) / 60);

210 seconds = mod(Tine, 60);

211 fprintf(['Tine taken to reach thermal equilibrium: %d days, %d hours, %d *
212 ‘minutes, and %.2f seconds\n'], days, hours, minutes, seconds);

213 end
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